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Abstract
Purpose: This study proposes faster virtual observation point (VOP) compres-
sion as well as post-processing algorithms for specific absorption rate (SAR)
matrix compression. Furthermore, it shows the relation between the number of
channels and the computational burden for VOP-based SAR calculation.
Methods: The proposed new algorithms combine the respective benefits of two
different criteria for determining upper boundedness of SAR matrices by the
VOPs. Comparisons of the old and new algorithms are performed for head coil
arrays with various channel counts. The new post-processing algorithm is used
to post-process the VOP sets of nine arrays, and the number of VOPs for a fixed
median relative overestimation is compared.
Results: The new algorithms are faster than the old algorithms by a factor of
two to more than 10. The compression efficiency (number of VOPs relative to
initial number of SAR matrices) is identical. For a fixed median relative overes-
timation, the number of VOPs increases logarithmically with the number of RF
coil channels when post-processing is applied.
Conclusion: The new algorithms are much faster than previous algorithms.
Post-processing is very beneficial for online SAR supervision of MRI systems
with high channel counts, since for a given number of VOPs the relative SAR
overestimation can be lowered.
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1 INTRODUCTION

Driven by the benefits of the super-linear increase in
SNR,1,2 there has been a constant push toward higher mag-
netic field strengths in MRI. While systems with a main
magnetic field strength of 7T have recently been approved
for clinical use, a human MRI system with a field strength
of 14T is being built in the Netherlands.3

While the increase in SNR is beneficial, ultra-high
field strengths have the drawback of wave effects in the
excitation fields.4,5 To counter these effects, a multitude
of different transmit methods have been proposed. Exam-
ples for these are RF shimming,6,7 kT-points,8 2D spokes,9
3D tailored radiofrequency pulses,10 Transmit SENSE,11,12

and TIAMO.13 One thing all of these different methods
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have in common is the use of multi-channel transmit
arrays to influence the B1

+ distribution by the superpo-
sition of the fields from all coils/antennas with different
amplitudes and phases. It is important to note that of
course the electric fields also vary with the different ampli-
tudes and phases, leading to a different distribution of
specific absorption rate (SAR) for each set of amplitudes
and phases. Thus, both global and locally averaged SAR
are now functions of the complex excitation vector, and not
simply a function of total input power as in single-channel
transmit systems. The regulatory guidelines14 set limits for
local, partial body, head, and whole-body SAR aspects that
must not be exceeded during an MRI exam.

It is not possible to measure SAR in vivo. There-
fore, simulations in realistic body models are required
to obtain information on the field distribution within
the body.15 From these simulations, SAR matrices can
be computed,16 which contain information on the fields
and tissue within a certain volume of the model. Using
a vector–matrix–vector multiplication of a SAR matrix
with the excitation vector, the SAR value of a volume
can easily be calculated. This framework can be used for
SAR-constrained pulse calculation as well as for online
supervision.

The guideline requires that every mesh cell within the
body model forms the center of an averaging volume17;
therefore, the number of local SAR matrices for a single
model can be on the order of 106 or even 107, requiring a
huge computational effort and preventing real-time SAR
supervision. Fortunately, compression algorithms have
been proposed that trade the number of SAR matrices
for an overestimation of SAR. The first algorithm was
proposed by Eichfelder and Gebhardt in 2011.18 This
algorithm clusters the matrices around so-called virtual
observation points (VOPs), where for any excitation vector
a VOP provides a SAR value higher than that of any SAR
matrix in the respective cluster. In 2012 Lee et al. presented
an improved non-clustering algorithm,19 where the VOPs
jointly upper bound all matrices. While this algorithm
achieves much better compression, it is computationally
very demanding. In 2017, Kuehne et al. presented an
improvement that speeds up the algorithm of Lee et al. by
a large factor.20 Orzada et al. found in 2021 that the speed
and compression efficiency could further be improved by
iteratively restarting the algorithm of Lee et al. including
Kuehne et al.’s enhancement, with a reduced overestima-
tion at each iteration step.21 Furthermore, Orzada et al.
introduced a post-processing algorithm based on Lee
et al.’s criterion for upper bounding that could decrease
the overestimation for a given set of VOPs,22 while keep-
ing the number of VOPs constant. A compression with
low overestimation is important, because overestimation

on the order of several hundred percent has been shown
to occur for high channel counts.23

Recently, Gras et al. published a new criterion for
checking whether a SAR matrix is upper bounded by the
set of VOPs.24 While the number of unknowns in the cri-
terion of Lee et al. (designated convex combination [CC]
in the following) is equal to the number of VOPs in the
set, the number of unknowns in the criterion of Gras et al.
(designated convex optimization [CO] in the following) is
two times the number of channels. Gras et al. could show
that the CO criterion leads to a shorter computation time
when the number of VOPs is large, while the compression
efficiency is identical.

In light of the large number of VOPs necessary for
low overestimation at high transmit channel counts,25 it is
important to have fast algorithms, especially for very large
models. In this work, we present new algorithms for com-
pression and post-processing that combine CO and CC to
increase the calculation speed both at low and high num-
bers of VOPs. With the improved calculation speed of the
post-processing algorithm, we furthermore are now able to
show its impact on SAR calculation complexity.

2 METHODS

First, we would like to provide a brief overview of the two
criteria CC and CO used in this work in a unified notation.
In the following, Sv denotes an SAR matrix from the full set
of SAR matrices Vfull, while ̃Sw denotes a matrix from the
set of VOPs Vsub, and D denotes the overestimation matrix.
All matrices are Hermitian matrices of size Nc by Nc, with
Nc being the number of channels.

The CC criterion introduced by Lee et al.19 can be
written as follows:

rCC(Sv) = max
cw,v

λmin

( ∑
w∈Vsub

(
cw,v ̃Sw

)
+D − Sv

)

with
∑

w
cw,v = 1 ∧ cw,v ∈ [0, 1]. (1)

where cw,v are real valued scalars and 𝜆min(M) denotes the
minimum eigenvalue of the matrix M. If rCC(Sv) ≥ 0, the
set of VOPs dominates the matrix Sv meaning that the set of
VOPs has a higher SAR value for any given excitation vec-
tor. If rCC(Sv) < 0, the matrix is not dominated and needs
to be included in the set of VOPs. This is an optimization
problem where the number of unknowns is equal to the
number of VOPs.

Kuehne et al.20 showed that it is not necessary to use
the CC criterion on all matrices Sv directly. When a fea-
sible solution for one matrix Sq has been found, a matrix
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Pq =
∑

w∈Vsub

(
cw,q ̃Sw

)
+D can be formed. This can be used

to calculate.

rCCK(Sv) = λmin
(
Pq − Sv

)
with v ∈ Vfull. (2)

If rCCK(Sv) ≥ 0, the set of VOPs dominates the matrix Sv.
Since this step does not include an optimization, it is much
faster than using CC directly. rccK(Sv) ≥ 0 can either be cal-
culated by eigenvalue calculation, or by using Cholesky
factorization, since we are not interested in the actual
value, but only in the decision whether it is above or below
zero. It should be noted here that the coefficients cw,q can
be calculated for any matrix S regardless of whether it is
an element of Vfull or not. In any case, rCCK(Sv) ≥ 0 means
that the set of VOPs dominates the matrix Sv.

The CO criterion introduced by Gras et al.24 is a more
direct approach to the problem, as it calculates the ratio
of the SAR from the SAR matrix under test Sv divided by
the maximum of the SAR over the VOPs ̃S over complete
excitation space:

rCO(Sv) = max
x∈CNc−{0}

((
max

Sw∈Vsub

(
xH(

̃Sw +D
)

x
))−1

xHSvx

)
(3)

Here x is the complex valued excitation vector with Nc
elements. If rCO(Sv) ≤ 1, Sv is dominated by the set of VOPs.

To make this feasible for optimization, Gras et al. refor-
mulated this problem as.

rCO(Sv) = max
x∈R2Nc

(
xTSv,Rx

)
subject to

xT(
̃Sw,R +DR

)
x ≤ 1, ∀Sw ∈ Vsub (4)

with

̃Sw,R =

(
ℛ
(
̃Sw
)
−ℑ

(
̃Sw
)

ℑ
(
̃Sw
)

ℛ
(
̃Sw
)
)

and DR =

(
ℛ(D) −ℑ(D)
ℑ(D) ℛ(D)

)
.

(5)

Eq. (3) has an infinite number solutions, since the vec-
tor x can be multiplied by any complex scalar other than
0 without changing the result. Eq. (4) still has an infinite
number of optima since the complex x can be multiplied
by any complex scalar with an absolute value of 1 with-
out changing the result. This can be problematic for the
convergence of gradient based optimizers. Therefore, in
our work we change the calculation of rCO by fixing the
imaginary part of the last channel to 0:

rCO(Sv) = max
x∈R2Nc

(
xTSv,Rx

)
subject to

xT(
̃Sw,R +DR

)
x ≤ 1,∀Sw ∈ Vsub ∧ x2Nc = 0

(6)

This only has a single optimum.
An important difference between the two criteria is the

fact that for the CC criterion, the optimization has to prove
that the matrix under test is dominated by the set of VOPs,
while for the CO criterion the optimization has to prove
that the matrix under test is not dominated. This means
that if the optimization for some reason fails to converge
for the CC criterion, an unnecessary matrix is added to
the VOPs, reducing the compression. Failing to converge
with the CO criterion leads to a necessary matrix not being
included in the set of VOPs, leading to a potentially unsafe
set of VOPs.

Another difference between the two criteria is compu-
tational effort. In the case of the CO criterion, the number
of unknowns is two times the number of channels minus
one, so in difference to the CC criterion, the number of
unknowns is constant throughout the process of compres-
sion, only the number of boundary conditions increases.
On the other hand, each matrix Sv has to be tested by
an optimization, whereas when using the CC criterion,
only a fraction of the matrices has to be tested directly
as explained above. In our proposed hybrid algorithm
we use these different properties of the criteria to our
advantage.

2.1 Proposed hybrid compression
algorithm

In the following we will designate the hybrid algorithm
“criteria hybrid” (CH) and its iterative form iCH.

Figure 1 shows a simplified flow chart of the proposed
algorithm that uses the iterative approach presented in,21

where the compression is restarted with a lower overes-
timation and the set of VOPs from the previous iteration.
All SAR matrices are sorted by their respective highest
eigenvalue in a descending order. In difference to previ-
ous implementations of CC,20,21 the first set of coefficients
is not calculated for the first SAR matrix in the sorted
set, but for the mean of all SAR matrices. Regardless of
whether this mean matrix is dominated or not, the coeffi-
cients are subsequently used to check all matrices of the
set with Eq. (2) as described by Kuehne et al. in.20 This
part is marked with a green A in the flow chart. Please
note that this mean matrix is not included in the VOPs.
This step is only used to find a large number of matrices
that are dominated by the already existing set of VOPs. The
matrices that exit block A are all matrices from the full set
of SAR matrices that have not already been found to be
dominated.

As long as the number of VOPs is 30 or lower, the CC
criterion with the enhancement of Kuehne et al. is used,
exactly as described by Orazda et al.21 This part is marked
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ORZADA et al. 2699

F I G U R E 1 Simplified flow chart
of the proposed compression
algorithm. The main parts of the
algorithm are labeled with green A, B,
and C. (A) The new pre-check where
the mean of all matrices is used instead
of the matrix with the highest
eigenvalue. (B) The algorithm using
the CC criterion as it was implemented
previously, but without a stopping
criterion. (C) Our implementation of
the CO criterion with a block wise
check instead of checking all
remaining matrices at once. CC, convex
combination; CO, convex optimization;
SAR, specific absorption rate.

with a green B in the flow chart. At least for the investi-
gated number of channels in this paper and in,24 30 VOPs
seems to be the point where CC and CO exhibit approx-
imately the same computational burden. As soon as the
number of 30 VOPs is reached, this calculation is stopped.
If there are remaining matrices, these are checked with the
CO criterion (marked with a green C in the flow chart), as
is described in the following.

In the first step of using the CO criterion, all remain-
ing SAR matrices (coming either from the part marked by
the green B or green A) are checked for domination with
the CO criterion, as proposed by Gras et al.24 All dom-
inated matrices are dropped; the remaining matrix with
the highest eigenvalue is added to the set of VOPs. In all
further steps within the compression with the CO crite-
rion, a block of 10 000 matrices is checked with the CO
criterion. For a block of size N, the first N matrices of the
remaining sorted SAR matrices are used. All dominated
matrices are dropped and the non-dominated matrix with
the highest eigenvalue is added to the VOPs. The block size
is adapted by multiplying 10 000 by the ratio of dominated
matrices over the current block size. This step is repeated
until all SAR matrices are dominated. Note that this is

equivalent but not identical to the algorithm proposed by
Gras et al.24 Gras et al. check all remaining matrices. This
leads to matrices that are not dominated being unneces-
sarily checked repeatedly. With the block-wise check, the
number of repeated checks is decreased and the compu-
tational burden reduced. To provide an example of why
this is the case, let us assume an iteration step that starts
with 50 VOPs and finishes with 100 VOPs. A matrix with
a comparatively low maximum eigenvalue that is only
dominated by the final set of VOPs will be checked 50
times in the original implementation of the code, as all
remaining matrices are checked every time a new VOP is
added to the set. In our block wise implementation, it will
only be checked during the very first run and when it is
finally included in a block. Ideally only two checks are
necessary.

When all matrices have been checked, the result is
saved, the overestimation is reduced, and the compression
is restarted if the maximum number of VOPs or itera-
tions has not yet been reached. Upon each restart, the
full set of SAR matrices is restored to be checked against
the VOPs from the previous run, but now with a reduced
overestimation.
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In the Matlab implementation, code for the CO crite-
rion written by Gras et al.24 was used with improvements
implemented as stated above.

2.2 Proposed post-processing algorithm

The proposed post-processing algorithm (PP-CH) shares
most steps with the algorithm presented by Orzada et al.
in22 (PP-CC).

After sorting of all the SAR matrices, the CC criterion
is used to calculate coefficients to dominate the mean of
all SAR matrices using the already present set of VOPs.
Regardless of whether this matrix can be dominated or not,
the coefficients obtained are used to check whether any of
the SAR matrices can be dominated by the set of VOPs, as
proposed by Kuehne et al.20 All dominated matrices are
dropped. Just like in the compression algorithm described
above, this leads to a quick reduction in overall matrix
count.

In the following, Step 2 from the algorithm in22 is
performed differently. Instead of employing the CC cri-
terion, the CO criterion is used in the new algorithm.
For speed-up, a block of 400 matrices was checked,
the dominated matrices were dropped, and the largest,
non-dominated matrix was used for the further steps. Step
6 from22 is not used. It should be noted that the CC crite-
rion is still used in Step 3, as it is necessary for calculation
of the individual overestimation added to each VOP.

The algorithm is now as follows:

1. Sort matrices in Vfull according to their highest respec-
tive eigenvalue (ascending) and set all overestimation
matrices Dw to zero matrices.

2. Calculate the coefficients cw,q for the mean of all matri-
ces and then calculate rCCK. Delete all dominated matri-
ces from Vfull.

3. By calculating rCO for the first 400 matrices of Vfull
in parallel, check for domination. It is important to
note that in this step the VOPs ̃Sw are used with their
respective overestimation matrices Dw. The dominated
matrices are deleted from Vfull. Repeat until a matrix is
found that is not dominated. The first matrix found that
is not dominated is set as the current matrix Sv and the
algorithm proceeds to step 4.

4. Find cw,v to maximize the minimum eigenvalue of P =∑
w∈Vsub

cw,v ̃Sw − Sv.
5. Calculate Z that fulfills P =

∑
w∈Vsub

cw,v ̃Sw + Z − Sv is
PSD.

6. Update all Dw by finding a Zw such that Pw = Dw +
Zw − Z

(
cwv∑
wc2

wv

)
is PSD.

7. Iterate steps 3–5 until all matrices are dominated.

2.3 Numerical experiments

Two different SAR matrix sets were used: The SAR matri-
ces of the 8-channel and 24-channel head arrays from25

with 1.77e6 matrices and 1.87e6 matrices, respectively. For
the both head arrays, the body model was truncated below
the shoulders.

Calculations were performed on a virtual worksta-
tion with 40 CPU cores (AMD EPYC-Milan @ 2.8GHz,
Advanced Micro Devices, Inc., Santa Clara, CA, USA),
256 GB of RAM, and a GPU with 20 GB of RAM (one half
of an A100 GPU, NVIDIA Corp., Santa Clara, CA, USA).

All algorithms in this paper were implemented in Mat-
lab (The Mathworks, Inc., Natick, MA, USA).

Three different compression algorithms were
compared:

1. “iCC”: The algorithm by Orzada et al.21 in the
version “Compression with VOPID and Tim-
ings”, https://sourceforge.net/projects/enhanced-sar
-compression/

2. “iCO”: The algorithm presented by Gras et al.,24

https://github.com/VincentGras/VOPcompressionCO
(Commit 66378c1)

3. “iCH” The hybrid Algorithm presented in this paper,
https://github.com/sOrzada/VOP_Compression
(Commit 59d53e4)

The 8- and 24-channel datasets were used in speed
tests for all algorithms. All three algorithms were started
with the same overestimation. The overestimation reduc-
tion factor was R =

√
2. Although all algorithms have pure

CPU versions available, GPU versions of the algorithms
were used where applicable.

Two different post-processing algorithms were
compared:

1. “PP-CC”: The algorithm presented by Orzada et al.22:
https://sourceforge.net/projects/vop-post-processing/

2. “PP-CH”: The algorithm presented in this paper.
https://github.com/sOrzada/VOP_Compression

The 8- and the 24-channel datasets were used to com-
pare the two post-processing algorithms.

Furthermore, the supervision complexity was inves-
tigated using the PP-CH post-processing algorithm. SAR
matrices for 9 head coils with 4–24 channels from Orzada
et al.25 were compressed with the proposed iCH VOP
algorithm starting at 40% of worst-case local SAR for the
overestimation. With each iteration step, the overestima-
tion was reduced by division by the third root of two
to provide additional datapoints for interpolation versus
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√
2. A total of 12 iteration steps were calculated for each

array. Afterward, each VOP set was post-processed with
the PP-CH algorithm. The median relative overestima-
tion of 1e6 random excitation vectors was calculated for
all VOP sets with and without post-processing. To calcu-
late the number of VOPs for identical median overesti-
mation, a linear interpolation was used on the logarith-
mized data for number of VOPs versus median relative
overestimation.

3 RESULTS

3.1 Hybrid compression algorithm

Timing results for the compression of the 8-channel
dataset can be found in Figure 2. As shown by Gras et al.,
the iCO algorithm is faster than iCC for VOP counts above
100 (Figure 2A). The proposed iCH algorithm is faster than
both of the other algorithms apart from the first point
where iCC and iCH are identical. The small difference in

timing most probably results from different loading times
of the dataset from a network storage with varying traffic.
There is a very slight difference in the number of VOPs vis-
ible between the different algorithms. This can in part be
attributed to numerical precision. When eigenvalues are
close to 0, eigenvalue decomposition and Cholesky factor-
ization, for example, can come to different results concern-
ing the definiteness of SAR matrices. Figure 2B shows the
speed-up factor for the iCH compression algorithm with-
out post-processing versus the other algorithms. With an
increasing number of VOPs, the speed-up in comparison
to iCC increases rapidly, reaching more than 400 at ∼340
VOPs. The speed-up factor of the iCH algorithm versus
iCO slightly decreases with the number of VOPs, but still
is more than 2 at ∼340 VOPs.

Figure 2C,D show timings for the iterations finishing
with ∼70 and ∼340 VOPs, respectively. It is visible that the
CC criterion with subsequent checks with Cholesky factor-
ization quickly finds many upper-bounded matrices in the
first step in this iteration. Thereafter, the CC criterion takes
much longer to test the remaining matrices and add new

F I G U R E 2 Timing results for the compression of the eight-channel dataset. (A) Calculation time versus number of virtual observation
points (VOPs) for the three different algorithms. (B) Speed-up factor for the hybrid compression algorithm without post-processing compared
to the two other algorithms. (C, D) Percentage of remaining matrices versus time for the three different algorithms for the iteration steps
finishing with ∼70 and ∼340 VOPs, respectively.
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2702 ORZADA et al.

F I G U R E 3 Timing results for the compression of the 24-channel dataset. (A) Calculation time versus number of virtual observation
points (VOPs) for the three different algorithms. (B) Speed-up factor for the hybrid compression algorithm without post-processing compared
to the two other algorithms.

VOPs to the sub-volume than what can be achieved with
the CO criterion. Furthermore, it can be seen that using
the CC criterion on the mean of all SAR matrices removes
more matrices than using the SAR matrix with the highest
eigenvalue. It is also visible that with a higher number of
VOPs, the number of matrices found to be upper-bounded
in this first step is reduced, slightly reducing the speed
advantage of the iCH algorithm. Another thing that can be
seen from these plots is the effectiveness of the block-wise
calculation of the CO criterion with variable block size,
especially after 90 and 300 s, when the number of repeated
checks of matrices is reduced by the block-wise calcula-
tion in comparison to checking all remaining matrices as
implemented by Gras et al.

The results for the 24-channel dataset are shown in
Figure 3. Again, the iCH algorithm outperforms both of the
other algorithms. The timing difference in the first point
can again be attributed to different loading times of the
dataset from the network drive.

3.2 Hybrid post-processing algorithm

Timing comparisons for the new and old versions of the
post-processing algorithm can be viewed in Figure 4A for
the eight-channel dataset and Figure 4B for the 24-channel
dataset. The new algorithm is visibly faster: at 50–70 VOPs
the speed enhancement exceeds an order of magnitude.
For the original algorithm, VOP sets with more than 70
VOPs were not used due to the expected long calculation
times.

Figure 4C,D show the median overestimation com-
parison for the VOP sets obtained with compression only
(iCH) and post-processed VOPs (PP-CH) for the 8-channel
and 24-channel datasets, respectively. It is notable that the

post-processing is more effective for the dataset with more
channels.

3.3 Impact of post-processing
on calculation complexity

Figure 5 shows the number of VOPs versus the median
relative overestimation for 4 to 24 channels in a double log-
arithmic plot. Figure 5A shows the results after compres-
sion with the iCH algorithm only, while Figure 5B shows
the results for the same VOP sets after post-processing.
Above approximately 50 VOPs, the relationship between
the logarithm of the median relative overestimation and
the logarithm of the number of VOPs appears linear. Fur-
thermore, all line plots for different channel counts appear
to run parallel to one another. When comparing the two
plots, it is noticeable that the lines for higher channel
counts are closer together for the post-processed VOPs.

From the above results, the number of VOPs for 10%
median relative overestimation can be approximated by
linear interpolation of the double logarithmized data.
Figure 6 shows the number of VOPs from this interpola-
tion versus the number of channels in a semi-logarithmic
plot. A function a + b log Nch can be fitted to the data with
an adjusted R2 of 0.98.

3.4 Convergence of the CO criterion

When testing the compression results with the CO crite-
rion as proposed by Gras et al.,24 we noticed that rCO(Sv)
sporadically assumed values above 1 for the algorithms
using the CO criterion. When this happened for a set of
VOPs, it only happened for a few matrices of the full set
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ORZADA et al. 2703

F I G U R E 4 (A, B) show the calculation time comparison of the post-processing algorithms for the eight-channel and 24-channel
datasets, respectively. It is visible that around 70 VOPs the older algorithm relying solely on CC takes more than 10 times longer than the new
hybrid algorithm. (C, D) show the median overestimation before (iCH) and after (PP-CH) post-processing for the eight-channel and
24-channel datasets, respectively. It is notable that the reduction in overestimation is more pronounced for the dataset with more channels.

F I G U R E 5 Number of virtual observation points (VOPs) versus median relative overestimation for 4 to 24 channels. (A) Results after
compression with iCH. (B) Results after post-processing with the proposed hybrid post-processing algorithm. The four-channel result with
post-processing only contains 10 instead of 12 results since the compression resulted in cases with an identical number of VOPs (2 VOPs and
6 VOPs). Please note that lower median relative overestimation is better.
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F I G U R E 6 Number of virtual observation points (VOPs)
versus number of channels for a fixed median relative
overestimation of 10% after post-processing. The distribution can be
well approximated by a logarithmic function a + b log Nch, with
a = −292.3 and b = 227.

(<10) per model and the relative underestimation was
below 1%. In the more than 200 million random test cases,
we performed over all of the VOP sets in this work, no
case of underestimation occurred. The occurrence of such
underestimations could not be linked to the number of
channels or number of VOPs. For example, while the check
for the post-processed VOP set for the 24-channel array
and 512 VOPs passed the test with a maximum rCO(Sv)
value of 0.9997, the VOP set of the 16-channel array with
764 VOPs failed the test with a maximum rCO(Sv) value
of 1.0035. This indicates that an underestimation of up to
0.35% can occur.

4 DISCUSSION

The algorithm for compression of SAR matrices in this
paper proved to be much faster than the previous algo-
rithms for small as well as for large numbers of VOPs.
At the same time, the compression efficiency is identical.
Gras et al. mention in their paper that the CO criterion is
the weaker criterion and therefore might offer higher com-
pression in some cases.24 Since the new hybrid algorithm
(above a count of 30 VOPs) only uses the CC criterion
to test which SAR matrices are already upper bounded,
leaving the decision of which matrices are added to the
VOP subset to the CO criterion, the hybrid algorithm
should perform identically to the version published by
Gras et al. Small differences in the number of VOPs can
still occur due to numerical precision, but these are not
safety relevant as the error is many orders of magnitude

lower than the actual SAR value. Although VOP com-
pression itself is not normally time critical, since it is
performed offline in advance of any real-time SAR mon-
itoring, increased calculation speed is always appreci-
ated; in special circumstances like the implementation of
patient-specific SAR models26 for SAR supervision, where
the calculation needs to be performed online, increased
speed might be a necessity.

The hybrid algorithm for post-processing presented
in this paper is much faster than the previously pre-
sented algorithm.22 At more than 70 VOPs for a 24-channel
dataset, the speed increase is almost 100-fold. This speed
increase allowed us to investigate the impact of the num-
ber of channels on the SAR calculation complexity after
post-processing. While previous work showed an increase
in the number of VOPs for a fixed median relative over-
estimation proportional to the number of channels to
the power 2.3,25 here we could show that the increase
in the number of VOPs with post-processing is only
on the order of the logarithm of the number of chan-
nels. Therefore, the increase in computational effort can
be reduced from O

(
N4.3

ch

)
to O

(
N2

ch log Nch
)
, making the

online supervision of systems with very high channel
counts (≥ 64) much more feasible. This underscores the
necessity to apply post-processing to VOPs, which has
become much more feasible with the new algorithm, espe-
cially in the light of the arrival of high channel count
systems.27–29

We furthermore found that VOPs with underestima-
tion can result from using the CO criterion, independent
of which algorithm is using the criterion. Even though we
improved the convergence of the CO criterion by reduc-
ing the number of optima from a one-dimensional infinity
to 1, increasing the number of iterations of the optimizer
and reducing the tolerances, we still saw that the optimizer
sporadically converges to different solutions depending on
the starting vector. Fortunately, these underestimations
are very small and the probability of encountering them
during use of the VOP sets is very low, as we could not find
any underestimation in more than 200 million random
tests. Since the result from testing the VOP sets provides
a relative factor for under- and overestimation, this could
be corrected for by multiplying the VOP set with the result
from the test.

5 CONCLUSIONS

We have presented hybrid algorithms for SAR matrix
compression and post-processing of VOP sets that are
much faster than previous algorithms. Furthermore, with
the faster post-processing algorithm, we could show
that the increase in SAR calculation complexity with
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the number of channels is much lower than previously
reported when post-processing is used. These findings will
facilitate online SAR supervision for very high channel
counts.
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