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First-line cancer treatment frequently fails due to initially rare therapeutic resistance. An important clinical question is then how to sched-
ule subsequent treatments to maximize the probability of tumor eradication. Here, we provide a theoretical solution to this problem by 
using mathematical analysis and extensive stochastic simulations within the framework of evolutionary rescue theory to determine how 
best to exploit the vulnerability of small tumors to stochastic extinction. Whereas standard clinical practice is to wait for evidence of re-
lapse, we confirm a recent hypothesis that the optimal time to switch to a second treatment is when the tumor is close to its minimum size 
before relapse, when it is likely undetectable. This optimum can lie slightly before or slightly after the nadir, depending on tumor para-
meters. Given that this exact time point may be difficult to determine in practice, we study windows of high extinction probability that lie 
around the optimal switching point, showing that switching after the relapse has begun is typically better than switching too early. We 
further reveal how treatment efficacy and tumor demographic and evolutionary parameters influence the predicted clinical outcome, 
and we determine how best to schedule drugs of unequal efficacy. Our work establishes a foundation for further experimental and clinical 
investigation of this evolutionarily-informed multi-strike treatment strategy.
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Introduction

Just as species in an ecosystem interact, compete for resources, 

adapt to changing environmental conditions and undergo natural 

selection, so cancer clones rise and fall in a tumor ecosystem. 

Darwinian principles inevitably determine therapeutic responses 

(Iwasa et al. 2006) including the emergence of resistance, which, 

despite pharmaceutical advances, remains the greatest challenge 

in oncology. As cancer cells can use a variety of adaptive strategies 

to achieve resistance (Pressley et al. 2021), targeting a single mo-

lecular mechanism often proves ineffective in the long term 

(Greaves and Maley 2012). Understanding intratumor evolution-

ary processes provides a rational foundation for developing treat-

ment strategies that, by explicitly accounting for evolutionary 

dynamics, achieve better clinical outcomes (Aktipis et al. 2011; 

Korolev et al. 2014; Enriquez-Navas et al. 2015). Mathematical 

modeling of clonal dynamics and the emergence of resistance is 

critical for optimizing clinical treatment strategies based on evo-

lutionary principles. Consequently, the historical development 

of evolutionary therapies has followed a trajectory that begins 

with a theoretical and mathematical exploration of associated 

eco-evolutionary models (West et al. 2023).

The clinical strategy we study here uses evolutionary rescue 

theory to inform the probability of tumor extinction under 

multiple treatment administrations or “strikes.” Although the 

term evolutionary rescue arose in a conservation context 

(Gomulkiewicz and Holt 1995), the same theory is applicable 

when extinction is the goal, such as in bacterial infections or can-

cer (Coldman and Goldie 1983; Alexander et al. 2014; 

Torres-Barceló et al. 2014). Since an oncologist can influence the 

tumor environment, they can anticipate the evolutionary trajec-

tories of cancer clones and, in theory, follow a strategy to avoid 

evolutionary rescue and so cure the patient (Gatenby et al. 

2019). The key idea is that, even if a single strike fails to eradicate 

cancer cells due to resistant phenotypes, it can still leave the 

population small and fragmented. The probability that a resistant 

phenotype in the population leads to evolutionary rescue de-

creases, rendering the population more vulnerable to stochastic 

extinction (Torres-Barceló et al. 2014). Moreover, a small popula-

tion is less able to adapt to environmental changes owing to loss 

of genetic variation (Alexander et al. 2014). Cell proliferation 

may also slow due to Allee effects (Dennis et al. 2016) during tu-

mor initiation due to processes like angiogenesis and growth fac-

tor signaling (Sewalt et al. 2016; Azimzade et al. 2021; Gerlee et al. 

2022). Subsequent therapeutic strikes, if well timed, might be able 

to exploit these weaknesses to drive the cancer cell population to 

extinction (Gatenby and Brown 2020).
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The main differences between conventional cancer treatment 

strategies and multi-strike therapy are in the timing of the strikes 

and the use of evolutionary principles to guide clinical decision 

making. In combination therapy, multiple drugs with collateral 

sensitivities are administered simultaneously (Chakrabarti and 

Michor 2017). In conventional sequential therapy, a second treat-

ment is typically started during relapse, when the first treatment 

has evidently failed. In multi-strike therapy (also known as extinc-

tion therapy Gatenby and Brown 2020), the idea is instead to 

switch treatments when the tumor is at its weakest, when it 

may well be clinically undetectable. The success rate of multi- 

strike therapy is expected to be highly sensitive to the timing 

and severity of the second and any subsequent strikes. Based on 

computational modeling, Gatenby et al. (2020) have suggested 

that the best time to switch to the second treatment occurs while 

the tumor is still shrinking in response to the first treatment.

Demonstrating its potential to improve cure rates across di-

verse cancer types, multi-strike therapy is being investigated in 

three small clinical trials. A Phase 2 trial using conventional 

chemotherapy drugs in metastatic rhabdomyosarcoma started 

recruiting patients in 2020 and is expected to run until 2026 

(NCT04388839). A Phase 1 trial in metastatic prostate cancer 

(2022-27) involves agents that exploit the hormone sensitivity of 

cancer cells (NCT05189457). A Phase 2 trial using targeted therap-

ies in metastatic breast cancer began in 2024 (NCT06409390). 

Further trials are in development.

Yet, despite this rapid progress to clinical evaluation, many 

critical questions regarding the timing of the subsequent strikes, 

the time until extinction, the effect of environmental and demo-

graphic factors, and most importantly, the conditions under 

which multi-strike therapy is a feasible alternative to other ther-

apies remain unanswered. What is the probability that a popula-

tion is rescued either by preexisting mutants or those that arise 

during the treatment? How can we maximize the probability of 

the tumor being eliminated with the second strike? How do out-

comes vary with the cost of resistance, density dependence, and 

other factors that affect clonal growth rates?

We tackle these pressing questions in two ways. First, using 

ideas from evolutionary rescue theory, we develop and study 

the first analytical model of two-strike therapy. This simple, tract-

able mathematical model enables us to compute extinction prob-

abilities and to identify the optimal time for the second strike. 

Second, we use extensive stochastic simulations to test the ro-

bustness of our analytical results and to study the effects of 

additional factors. Our model only focuses on cases where single- 

strike therapy and other conventional therapies result in tumor 

relapse with high probability. The aim is to investigate the feasibil-

ity of two-strike therapy when we know that conventional treat-

ments fail to be curative. We thus establish a necessary 

foundation for further theoretical, experimental, and clinical in-

vestigations of multi-strike therapy.

Methods

To obtain general, robust insights into the factors that determine 

a successful two-strike treatment strategy, we combine an analyt-

ical model and a stochastic simulation model. Both models in-

volve two stressful environments (corresponding to the two 

treatment strikes) and four cell types. The first treatment (or 

strike) creates a stressful environment that we denote E1. After 

switching to the second treatment, the tumor enters the second 

stressful environment, E2. We do not take into account treatment 

toxicity. Cells can be sensitive to both treatments (S), completely 

resistant to one treatment but sensitive to the other (R1 and R2), 

or completely resistant to both treatments (R1,2). The time to 

switch to the second treatment is and the population size at 

this time is N( ). Therefore, when the population size reaches 

the switching threshold N( ), the first treatment is stopped and 

the second treatment begins.

Analytical methods
Our analytical modeling method is composed of two stages 

(Fig. 1a). First, we model the population dynamics during the first 

treatment as a set of numerically-solved ordinary differential 

equations (ODEs). We then use those solutions to predict extinc-

tion probability using evolutionary rescue theory (as reviewed in 

Appendix B: Using results from evolutionary rescue theory). We 

thus use a deterministic model to represent a stochastic phenom-

enon. The interpretation is that the quantities S(t), R1(t), R2(t) and 

R1,2(t) in the ODE model are the expected numbers of S, R1, R2 and 

R1,2 cells at time t, respectively. In Appendix D: Correspondence 

between the analytic evolutionary rescue model and the linear 

birth-death-mutation model, we verify that the dynamics of the 

ODE system and the mean dynamics of the corresponding sto-

chastic process are in close agreement. Given this, we verify that 

the two approaches generate similar numbers of rescue mutants 

and similar extinction probabilities.

We use the following vocabulary. A potential rescue lineage is a 

lineage of cells with positive fitness at all future times. In our mod-

el these lineages comprise all R1,2 cells (since they have a positive 

fitness in both E1 and E2), R2 cells present at the switching time, 

and R2 cells that arise after the switch. While R1 cells have a posi-

tive fitness during treatment 1, they are counterselected during 

treatment 2 and so cannot rescue the population. Founders of poten-

tial rescue lineages are called potential rescue mutants. Potential 

rescue lineages that escape stochastic extinction and cause evolu-

tionary rescue are called rescue lineages, and their founders are res-

cue mutants. Rescue mutants already present at the switching time 

are called preexisting rescue mutants, or standing genetic variants. 

Those appearing after are called de-novo rescue mutants.

To calculate the extinction probability of the population, we 

consider the expected number of rescue mutants generated 

throughout the course of treatment. We must therefore obtain 

the population composition at the beginning of the second strike. 

We use the system of differential equations given in Fig. 1a, de-

scribing logistic growth in environment E1 of the four subpopula-

tions S(t), R1(t), R2(t) and R1,2(t) that make up the tumor cell 

population N(t). The model includes mutations from less resistant 

to more resistant states while, for simplicity, omitting negligible 

back mutations.

For plausible parameter values, a tumor that grows from a sin-

gle treatment-sensitive (S) cell is unlikely to harbor any 

doubly-resistant (R1,2) cells at the time it is first treated (see 

Appendix A: Analytic model without competition for a reference 

case for initial resistant populations). If this were not so then ex-

tinction would be highly improbable. We therefore assume 

R1,2(0) = 0. Other default initial conditions and parameter values 

are listed in Table 1. By solving the differential equations numer-

ically over the course of the first treatment (time 0 to time ), we 

determine the expected subpopulation sizes at the time of switch-

ing to the second treatment.

Given the population dynamics using treatment switching time 

, we next compute the probabilities PSGV
E ( ) and PDN

E ( ). These are 

the probabilities of no evolutionary rescue due to standing genetic 

variation before the beginning of the second treatment and 

de-novo mutations during the second treatment, respectively 
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(Part 2 in Fig. 1a). Since successful treatment requires the eradica-

tion of both preexisting and de-novo mutants during the second 

treatment period E2, the tumor extinction probability PE( ) is the 

product of these two probabilities:

PE( ) = PSGV
E ( )PDN

E ( )

= exp − e R2( ) +

Z

0
2R1(t) + 1R2(t)dt + 2

Z ∞

S(t) + R1(t)dt

( )[ ]

,

(1) 

where e is the probability of establishment of a single potential 

rescue lineage, that is, of a mutant lineage with positive fitness. 

This probability depends on the birth rate (b), death rate (d) and 

cost of resistance (c). See Appendix E: Derivation of the establish-

ment probability and Appendix C: Derivation of extinction prob-

abilities for more details on the derivation of Eq. 1. A key 

assumption is that the number of rescue mutants is Poisson dis-

tributed, which introduces the negative exponential in the expres-

sion. Eq. 1 also assumes that the probability of extinction during 

E1 in the expression for total extinction probability is negligible. 

We verify this assumption at the end of Appendix A: Analytic 

model without competition, where we compare extinction prob-

abilities from single-strike and two-strike therapies. This holds 

for all our parameter values.

a

b

Fig. 1. Description of the analytical approach and stochastic simulations. a) Part 1 (left) shows the ODE population growth model during the first 
treatment (in E1). Part 2 (right) uses evolutionary rescue theory and output from the ODE model to calculate extinction probability after the second strike 
(in E2). Sensitive cells are denoted by S. Cells resistant to treatment 1(2) and sensitive to treatment 2(1) are denoted by R1(R2). Cells resistant to both 
treatments are denoted by R1,2. The per capita rate of acquiring resistance to treatment 1(2) is denoted by 1( 2). Growth rates gS for sensitive cells and gR 

for resistant cells depend on the intrinsic birth rate, intrinsic death rate and the cost of resistance (see Table 1). The treatment-induced death rate, or 
treatment efficacy in E1(E2) is denoted by 1( 2). Initial conditions are specified by the initial population sizes of S, R1, R2 and R1,2 cells (before the beginning 
of the first treatment). The total initial population N(0) is the sum of these four subpopulations. As shown in Part 2, the switch to the second treatment can 
occur before (dark dots on the curve) or after (paler dots) the population nadir (Nmin). The solid curve shows the population trajectory with treatment 1 
only and the downward-sloping dashed line shows a possible trajectory to extinction after the switch to the second treatment at time . Equations to 
calculate extinction probability (PE) are shown. b) Results of two sets of stochastic simulations are shown, illustrating the difference in extinction 
probabilities due to two different switching sizes (horizontal dashed lines). Extinction probabilities from the simulations are estimated for each switching 
size as the proportion of extinction outcomes in 100 independent runs. Pale curves show individual simulation runs. The stochastic simulation model is 
independent of the analytical approach, and is described in Methods.
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With Eq. 1, we study the behavior of extinction probability as a 

function of under different conditions. The absolute value of the 

quantity in the exponent represents the total expected number of 

rescue mutants generated if we switch at time . The first term re-

presents the expected number of R2 cells present at the switching 

time, multiplied by the probability that they get established. The 

next term ( e

∫

0 2R1(t) + 1R2(t) dt) represents the total expected 

number of established R1,2 mutants generated by mutation from 

either R1 or R2 cells during E1. The last term ( e 2

∫

0 S(t) + R1(t) dt) 

computes the expected number of established R2 and R1,2 cells 

generated by mutation from S and R1 cells during E2. The dynam-

ics of the population during E2 are modeled using the system of 

differential equations given in Eqs. C2–C3. There is no explicit 

R1,2 term because we assume R1,2(0) = 0, and only the number of 

R1,2 lineages (not the number of cells) generated throughout the 

entire treatment is required to calculate the extinction probabil-

ity. Note that we do not compute the number of rescue mutants 

in the same way for R1,2 cells and R2 cells. As R2 cells have a posi-

tive fitness only in environment E2, we consider as potential foun-

ders of rescue lineages the R2 cells that are present when 

switching to treatment 2 and those that arise later by mutation 

of S cells. By contrast, R1,2 cells have positive fitness and the 

same establishment probability in both environments E1 and E2. 

Thus, the expected number of R1,2 rescue mutants is simply this 

establishment probability multiplied by the expected number of 

R1,2 lineages, which is the expected number of R1,2 cells present 

at time 0 or arising by mutation, whether in E1 or E2.

In Appendix A: Analytic model without competition, we de-

scribe a model for two-strike therapy without competition. By re-

moving the carrying capacity from the ODE model in Fig. 1a we 

obtain a system of linear differential equations which has an ex-

plicit solution (Eqs. A7–A9). Using this solution, we derive expres-

sions for the expected number of rescue mutants (Eq. A12) and the 

population nadir. Since extinction probability is maximized when 

the expected number of rescue mutants is minimized, we find the 

optimal switching size and compare it to the nadir. We also com-

pare our main results, which are derived under the assumption of 

a large initially resistant population, to a reference case corre-

sponding to mutation-selection balance in an exponentially grow-

ing population. Further, we use this model to provide intuition for 

our results and examine the effects of changing model assump-

tions, such as removing the cost of resistance.

Stochastic simulations
To test the robustness of our analytical results, we separately ob-

tain extinction probabilities using a stochastic simulation model 

with the same initial conditions as the ODE system and equivalent 

default parameter values. The main difference between the mod-

els is that the analytical method uses evolutionary rescue theory 

to calculate extinction probabilities, whereas the computational 

approach uses the stochastic Gillespie algorithm to simulate 

birth, death, and mutation events. Density dependence is imple-

mented in the birth rates used for the simulations. Each simula-

tion ends with one of three outcomes: extinction, progression, or 

persistence (see Table G2). Progression is when the total popula-

tion at the end of the simulation is greater than the total initial 

population. Persistence is when the population does not go extinct 

but is smaller than the initial population. The extinction probabil-

ity is estimated for each switching size as the proportion of extinc-

tion outcomes in a large number of independent simulations. See 

Appendix G: Stochastic Simulation Model for a detailed descrip-

tion of the stochastic simulation model.

Comparing results across parameter values
To compare treatment outcomes for varied parameter values, we 

use a summary variable Nq to describe how small the tumor must 

be at the time of switching treatment to achieve a given probabil-

ity of extinction. This concept is based on our observation that the 

extinction probability PE( ) generally decreases as N( ) increases, 

unless N( ) is very close to the population nadir (Nmin) that would 

pertain if we were to continue the first treatment instead of 

switching to a second treatment. Therefore, for a given extinction 

probability q (with 0 ≤ q ≤ max (PE( ))), we can obtain a corre-

sponding value Nq, which is the maximum population size thresh-

old below which we achieve an extinction probability greater than 

or equal to q. In other words, if N( )≤ Nq, then we will achieve an 

extinction probability of at least q. Any given switching size N( ) 

greater than Nmin is reached twice in the trajectory of a population 

undergoing evolutionary rescue during the first treatment, once 

before and once after the start of relapse (see Fig. 1a, right for an 

illustration). Nq is therefore defined for both the before-nadir 

and after-nadir switching sizes:

N
(before)
q = max {N( ) : PE( ) ≥ q, < t(Nmin)},

N
(after)
q = max {N( ) : PE( ) ≥ q, > t(Nmin)}, 

where t(Nmin) is the time at which the nadir would be reached in 

the absence of a second strike.

Nq values tell us when and how fast the extinction probability 

drops from a high to a low value. For example, if the difference be-

tween N
(before)
0.1 and N

(before)
0.9 is slight, it means that the extinction 

probability goes from a low value to a high value without much 

change in the population size. Therefore, the extinction probabil-

ity increases steeply with N. If N
(before)
0.1 and N

(before)
0.9 are far apart, 

there is a more gradual increase in extinction probabilities as 

the population size decreases. The value of q where the Nq curve 

“cuts off” (as seen in Supplementary Fig. A.1) is the highest extinc-

tion probability possible with a given set of parameters. We plot Nq 

versus q to analyze the trend in extinction probabilities across the 

range of potential switching sizes and parameter values.

When comparing different parameter values, a higher Nq curve 

indicates better treatment outcome. This is because it is favorable 

to reach high extinction probabilities at large switching sizes. For 

instance, a higher value of N0.9 implies a wider window of oppor-

tunity due to a wider range of switching sizes for implementing a 

Table 1. List of parameters and initial conditions used in the 
analytical and stochastic simulation models, along with their 
default values.

Symbol Description

Default 

value

K Carrying capacity of the system N(0)
b Per capita birth rate of S cells 1.0
d Per capita death rate of all cell types 0.1
c Cost of resistance 0.5

1, 2 Mutation rate for acquiring resistance to 
treatment 1, 2

2.5 × 10−6

1, 2 Per capita death rate due to treatment 1,2 2.0
S(0) Initial population of S cells 106

R1(0) Initial population of R1 cells 100
R2(0) Initial population of R2 cells 100
R1,2(0) Initial population of R1,2 cells 0

Note that for the analytical model, we use the values of growth rates for 
sensitive and resistant cells, gS = b − d and gR = b − c − d, respectively. The birth 
rate (b), death rate (d), cost of resistance (c) and rates of acquiring resistance 
( 1, 2) are expressed in per-day units. For more details on parametrization, see 
Methods.
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successful second strike. Furthermore, if we have two Nq curves 

corresponding to different sets of parameter values and one curve 

lies above the other, then in the case corresponding to the higher 

curve we can achieve a higher extinction probability for a given 

switching size (as illustrated in Supplementary Fig. A.1). The par-

ameter values corresponding to the uppermost Nq curve are 

therefore expected to result in a better treatment outcome in 

terms of ease of implementation, higher extinction probabilities, 

or both.

Parametrization
The default parameters used for the stochastic simulations and 

numerical solutions are listed in Table 1. To facilitate comparison 

with previous research (Gatenby et al. 2020), we set the carrying 

capacity equal to the total initial population size, yet we also 

show that our results are highly robust to varying the carrying 

capacity. By default, we assume a large cost of resistance (half 

of the intrinsic birth rate), but we also study in detail the case in 

which resistance has no cost. We conservatively set the size of 

the initial resistant populations (before the first treatment begins) 

to 10−4 times the initial sensitive population, which is larger than 

the resistant population size predicted using a reasonable growth 

model (see Appendix A: Analytic model without competition for a 

reference case for initial resistant populations). We also consider 

the case R2(0) = 0.

The intrinsic birth and death rates are of the same order of 

magnitude as those reported in the literature and used in prior 

mathematical modeling (Gatenby et al. 2020). Since the rate of ac-

quiring resistance (which we will call the mutation rate) varies de-

pending on cancer type, treatment types, and patient attributes, 

we focus on a mutation rate corresponding to clinical scenarios 

in which two-strike therapy is worth considering. Much higher 

mutation rates render two-strike therapy ineffective, whereas 

lower mutation rates result in higher extinction probabilities 

(Supplementary Fig. A.7).

Results

To enable us to uncover general principles and determine the 

most important factors in a successful treatment strategy, we 

consider the simplest case of two strikes. Since further strikes 

can only increase extinction probabilities, we thus obtain conser-

vative lower bounds on potential clinical benefits. We obtain ex-

tinction probabilities using both an analytical evolutionary 

rescue model and a stochastic simulation model (see Methods), 

and we compare the two wherever possible. Unless stated 

otherwise, we use a default set of parameters and initial 

conditions (Table 1), and assume the two treatments induce 

identical death rates (that is, 1= 2= ). For brevity, we will use 

“treatment efficacy” to refer to these treatment-induced death 

rates, which in reality also depend on pharmacodynamics and 

pharmacokinetics.

Our focus will be on the population size at the time of switching 

between the two treatments, denoted N( ). Since the optimal N( ) 

(the value corresponding to the highest extinction probability) 

changes as we vary parameter values, the trend of extinction 

probabilities obtained at a fixed N( ) could differ from the trend 

obtained at the optimal N( ). The rationale for using a fixed N( ) 

for such comparisons is that it may in practice be impossible to de-

termine the optimum. The fixed N( ) can be implemented on ei-

ther side of the population nadir reached in the absence of a 

second strike (Nmin). The population nadir can be calculated by 

numerically solving the system of differential equations shown 

in Fig. 1a (see Appendix A: Analytic model without competition 

for an analytical approximation). We consider both before-nadir 

and after-nadir switching sizes (Fig. 1a, right).

Throughout this section, we use two key metrics to compare 

different parameter values and treatment conditions. The first is 

the range of high-PE switching sizes, defined as the difference in 

the largest and smallest switching sizes that result in an extinc-

tion probability of at least 0.8. The second metric compares Nq 

curves with the rule of thumb that a higher-lying curve indicates 

a better treatment outcome (see Supplementary Fig. A.1). As de-

fined in Methods, Nq is the maximum switching size to achieve 

an extinction probability greater than or equal to q.

The optimal switching size is close to the 
population nadir
Our first aim is to find the optimal population size, N( ), at which to 

switch from the first to the second treatment. Our analytical and 

stochastic models both show that the optimal N( ), in terms of 

maximizing extinction probability, is close to the population nadir 

Nmin (Fig. 2). According to the analytical model, the optimal 

switching size may, depending on parameter values, lie slightly 

before or after Nmin (Appendix A: Analytic model without compe-

tition). Yet the difference between the optimal N( ) and the Nmin is 

generally so small that it is not captured by our simulation results. 

The difference is significant only when R2 cells are initially abun-

dant and the cost of resistance is low (Supplementary Fig. A.2, se-

cond column).

To explain why the optimal N( ) is close to Nmin, we refer to Eq. 1

and see that the maximum PE( ) will be achieved by minimizing 

the sum of all the rates of generating rescue mutants. Note that 

even though the sum of S and R1 is minimized at Nmin, the de-novo 

rescue terms (the last two integral terms in Eq. 1) are minimized 

slightly after Nmin. This is because the increase in the number of 

cells after Nmin is balanced by the faster decay of R1 cells due to 

their cost of resistance. It follows that the de-novo rescue probabil-

ity will be minimized when we have more R1 cells and fewer S 

cells, even if the total number of cells is higher.

To minimize the rescue probability due to preexisting mutants 

at the start of the second strike (the first three terms in Eq. 1), we 

focus on the decay of the R2 population and the emergence of 

R1,2 mutants. Their relative rates determine where the switching 

size minimizing the number of preexisting rescue mutants 

falls in relation to Nmin. For further analysis, we focus on regions 

of high extinction probability (PE ≥ 0.8) instead of the exact op-

tima. Consistent with our analytical predictions, we observe that 

these high-PE regions lie around Nmin (Fig. 2 and Supplementary 

Fig. A.2).

It is better to implement the second strike after the 
nadir than before
Given the practical impossibility of treating at the exact optimal 

time, we next compare outcomes for treating earlier or later. 

While the optimal switching size may lie slightly before or after 

the nadir, we observe that switching sizes implemented after 

Nmin usually have higher extinction probabilities than those be-

fore Nmin (Fig. 2a, left column and b, top panel).

We hypothesize that this result is due to the preexisting (or ini-

tially accumulated) R2 population. If we delay switching, then this 

resistant subpopulation has longer to decay, which results in a 

smaller rescue population during the second treatment. On the 

other hand, there is more time for doubly-resistant R1,2 mutants 

to accumulate. In most cases of interest, the generation of R1,2 

mutants is slower than the decay of the R2 population, and so 
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the window of opportunity for effective treatment extends further 

to the right of the nadir than to the left. In Appendix A: Analytic 

model without competition, we derive this result for the analytical 

model without competition.

Assuming that R2 cells are absent at the start of the first treat-

ment substantially increases extinction probabilities for before- 

nadir switching (Fig. 2a, right column and b, bottom panel; 

Supplementary Fig. A.2). The result of switching before the nadir 

is then similar to—or, in the case of a high-efficacy treatment, 

even slightly better than—the result of switching at the same tu-

mor size after the nadir.

Higher efficacy of the first treatment is not 
necessarily beneficial for treatment
Since treatment toxicity is a major concern in cancer therapy, we 

now relax our assumption that the two treatments have equal ef-

ficacy, enabling us to investigate the potential for using lower, 

more tolerable doses.

For alternative combinations of 1 (efficacy of the first treat-

ment) and 2 (second treatment), we consider both the optimal 

switching size and the range of N( ) values that lead to a high ex-

tinction probability (PE ≥ 0.8). We will refer to treatment efficacies 

of 2 and 1.2 (relative to the default intrinsic birth rate of sensitive 

cells) as high and low, respectively.

We first consider the before-nadir regime. The intuitive predic-

tion is that a higher treatment efficacy should lead to a larger 

range of high-PE switching sizes. This is what we observe in the 

case of no resistance cost and R2(0) = 0 (Fig. 3a, right). However, 

for our default parameter values, higher values of 1 give smaller 

ranges of high-PE switching sizes (Fig. 3a, left). Similarly, in the 

before-nadir regime, lower treatment efficacies result in higher 

extinction probabilities for all switching sizes that are not very 

close to Nmin (Figs. 3b,c and 2b, top). A normalized Nq versus q 

plot for four 1- 2 combinations confirms that low 1 plus high 2 

produces the best treatment outcome in terms of the range of 

high-PE switching sizes, because it gives a higher extinction 

probability at the same N( ) (Fig. 3c). When the two treatments 

are equally effective, we observe a similar trend (see Fig. 2b, top 

panel and Supplementary Fig. A.8c). Thus, for our default param-

eter values, a low-efficacy first treatment paired with a high- 

efficacy second treatment gives the largest window of opportunity 

when switching before the nadir.

The somewhat counter-intuitive result is explained by the 

interaction of the treatment efficacy, the cost of resistance, and 

the R2 population. For lower 1, the S cells decay more slowly, so 

the switching size N( ) is reached later. This provides more time 

for the R2 population to decay, but also more time for R1,2 mutants 

to arise. When the cost of resistance and the initial R2 population 

(before the first treatment begins) are both large, the benefit of a 

lower 1 outweighs the disadvantages (see Appendix A: Analytic 

model without competition for a formal explanation). Therefore, 

we do not observe this effect when the cost of resistance or the ini-

tial R2 population size is set to zero (Supplementary Fig. A.6, 

Fig. 3a, right). Note that if the first treatment’s efficacy is too low 

then the population size will never become small enough to 

have a nonnegligible probability of stochastic extinction.

Although a low 1 gives a larger range of high-PE switching 

sizes, the highest extinction probability in all cases is obtained 

when both treatment efficacies are high (white contours in 

Fig. 3a). Therefore, it is important to define what we need for a 

good treatment outcome. The best treatment combination should 

not only lead to a high extinction probability at the optimal 

switching size, but it should also offer a large window of opportun-

ity, that is, it should allow a large range of high-PE switching sizes. 

A low 1 allows a larger window of opportunity than a high 1 at 

the cost of compromising on the optimal extinction probability 

(0.94 compared to 0.99). Moreover, with a low 1, the absolute va-

lues high-PE switching sizes are also high, because the Nmin and 

the range of high-PE switching sizes are relatively large. We ob-

serve this in the right panel of Fig. 3b.

Note that this result depends on the fact that we compare 

ranges of high-PE sizes. The conclusion would be different if we 

a b

Fig. 2. Optimal switching sizes. a) Extinction probabilities PE( ) obtained from the stochastic simulations (dots) and the analytical approach (solid line) for 
different switching sizes N( ), implemented before reaching the nadir Nmin (black) and after crossing Nmin (blue). Red dashed lines show the expected Nmin 

(calculated with the analytical model). Results for two treatment efficacies are shown (rows). Columns show results for the default parameter set 
(Table 1) and for the case when R2(0) = 0. Extinction probabilities from the simulations are estimated for each switching size as the proportion of 
extinction outcomes in 100 independent runs. In almost all simulations, switching sizes smaller than Nmin prove unattainable, so the switch never occurs 
and the extinction probability is close to zero (black points to the left of red dashed lines). Error bars show 95% binomial proportion confidence intervals. 
b) Normalized Nq vs q plots (described in Methods) for the default parameter set and for R2(0) = 0 with different treatment efficacies ( 1= 2). Black curves 
show before-nadir switching sizes, and blue curves show after-nadir switching sizes.
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were thinking in terms of switching times. A larger value of 1 is 

expected to lead to a larger high-PE time interval. Thus, the best 

treatment efficacy in the before-nadir regime depends on how 

the therapy is implemented.

Outcomes for the after-nadir regime are best when both treat-

ment efficacies are high, at least when thinking in terms of switch-

ing sizes (Fig. 3a, second panel; in terms of switching times, see 

Supplementary Fig. A.5). For our default parameter values, as ex-

pected, the range of high-PE switching sizes is also much larger for 

the after-nadir regime than for the before-nadir regime. When we 

eliminate the cost of resistance and the initial R2 population, the 

optimal treatment combinations in the before-nadir and after- 

nadir regimes are similar (Fig. 3a, fourth panel).

The cost of resistance is not necessarily beneficial 
for treatment
A cost of resistance is expected to hasten the decay of R2 muta-

tions during the first treatment phase and so make the second 

treatment more effective. Accordingly, in most cases, removing 

the cost of resistance reduces extinction probabilities (see 

Supplementary Figs. A.2 and A.7f). However, in the case of high- 

efficacy treatment ( = 2), extinction probabilities for switching 

sizes implemented well after the nadir can be slightly higher in 

the absence than in the presence of a resistance cost (but the op-

timal extinction probability is high even for severe resistance 

costs). This can be observed in the first panel of Fig. 4a and b. 

The reason for this counter-intuitive result is that in the absence 

of a cost of resistance and when switching after the nadir, fewer 

R1,2 mutants are generated in the first treatment phase (see the sec-

tion on the cost of resistance in Appendix A: Analytic model without 

competition for a more detailed explanation). If we fix the switching 

time instead of the switching size, we see that a higher resistance 

cost is always beneficial for treatment (see Fig. 4c).

For low-efficacy treatment ( = 1.2), the main effect of removing 

the cost of resistance is to increase Nmin, which makes it impos-

sible to achieve high rates of extinction (Fig. 4a, second panel). 

We note here that although our analytical predictions are gener-

ally very close to our simulation results, they underestimate the 

probability of extinction when treatment efficacy is low and there 

is no cost of resistance. In this case, our modeling assumption of a 

Poisson-distributed R2 population breaks down. This breakdown 

occurs when the variance of the R2 population is higher than 

that of the corresponding Poisson distribution, which leads to a 

higher probability that there are no preexisting rescue mutants 

when the second treatment commences. Since turnover is a meas-

ure of demographic stochasticity, larger values of intrinsic turnover 

(b + d) at a constant intrinsic growth rate (b − d) lead to larger vari-

ance in the R2 population and the breakdown of the Poisson as-

sumption (see Appendix D: Correspondence between the analytic 

evolutionary rescue model and the linear birth-death-mutation 

model and Supplementary Fig. A.11 for more details).

Two-strike therapy is feasible only in small 
tumors
Using the analytical model, we compare different values of Nq (not 

normalized) for different initial population sizes N(0), bearing in 

mind that the resistant population size scales with N(0). We ob-

serve that the absolute values of Nq for q close to 1 do not vary 

by more than an order of magnitude when N(0) ranges over three 

orders of magnitude, from 104 to 107 cells (Fig. 5a). This implies 

a

b c

Fig. 3. Optimal treatment combinations a) Heatmaps of the range of high-PE switching sizes (PE ≥ 0.8, obtained from the analytical model) for different 
combinations of treatment efficacies 1 and 2. The default case is shown on the left, and the case with no cost of resistance and no initial R2 population is 
on the right. For each case, both before-nadir and after-nadir switching sizes are considered. White lines indicate optimal extinction probability contours 
(highest extinction probability across all switching sizes). Note that the color scales cover different ranges. b) Extinction probabilities for two 
combinations of treatment efficacies where 1 ≠ 2. Dots show simulation results and solid lines indicate analytical model predictions. Vertical dashed 
lines show the expected Nmin (calculated with the analytical model). Before(after) nadir switching sizes are shown in black(blue). Extinction probabilities 
from the simulations are estimated for each switching size as the proportion of extinction outcomes in 100 independent runs. Error bars show 95% 
binomial proportion confidence intervals. c) Normalized Nq vs q plots (see Methods) for four different treatment combinations. Black(blue) lines show 
before(after)-nadir switching sizes.
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a b

c

Fig. 4. The effect of the cost of resistance. a) Extinction probabilities without a cost of resistance, for high (top) and low (bottom) treatment efficacies. Dots 
show simulation results and solid lines indicate analytical model predictions. Before(after) nadir switching sizes are shown in black(blue). Faded lines 
show the analytical estimates of extinction probabilities in the default case (c = 0.5) for reference. Vertical dashed lines show the expected Nmin 

(calculated with the analytical model). Extinction probabilities from the simulations are estimated for each switching size as the proportion of extinction 
outcomes in 100 independent runs. Error bars show 95% binomial proportion confidence intervals. b) Normalized Nq vs q plots for two treatment 
efficacies and zero cost of resistance. Faded lines show the default case (c = 0.5) for reference. The before-nadir curve for c = 0 and = 1.2 overlaps with the 

= 2.0 curve, and ends at q = 0.05. c) Time windows of high extinction probability. Solid lines are obtained from Eq. 1 under deterministic population 
dynamics with switching to the second drug at time . The dots with 95% confidence intervals are from 100-replicate Gillespie runs.

a

c

b

Fig. 5. Effects of varying initial population, carrying capacity, birth and death rates. a) Nq versus q plots for several initial population sizes with the same 
proportion of initial resistant cells. The x-axes show extinction probability threshold q, and y-axes are the Nbefore

q (black) and Nafter
q (blue) values. Solid 

curves correspond to the default parameter values (Table 1). b) Normalized Nq versus q plots for several carrying capacities. The curve for K = 10N(0) 
overlaps with the curve for K = ∞ (no competition). c) Heatmap of the range of high-PE switching sizes for different parameter values in b-d space. Only 
nonnegative growth rates (excluding the effects of treatment) are considered (d ≤ b − c). The dashed black line indicates the set of birth and death rates 
corresponding to our default growth rate (b − d = gS = 0.9). Solid white lines show optimal extinction probability contours (highest extinction probability 
across all switching sizes).
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that, within this range of initial tumor sizes, a high extinction 

probability can be achieved by applying the second strike at a suf-

ficiently small population size (determined by the treatment effi-

cacy, growth rates, and other parameters). Nevertheless, if N(0) is 

larger than 108 cells then the extinction probability never exceeds 

0.4 (Fig. 5a, dotted lines).

To achieve a 95% extinction probability after switching at the 

nadir using our default parameters and without competition (in 

the large K limit), the initial tumor must be no larger than around 

7 million cells. To achieve the same extinction probability using 

single treatment therapy, the initial tumor must be three to four 

orders of magnitude smaller (see the last section in Appendix A: 

Analytic model without competition for an analytic derivation). 

There is, therefore, a limit on the size of tumors for which 

two-strike therapy is likely to succeed, but it is orders of magni-

tudes larger than for single-strike therapy.

Extinction probability is insensitive to carrying 
capacity
As the carrying capacity is increased from N(0) (default value), we 

see a slight increase in extinction probability in the before-nadir 

regime, but this effect saturates around K = 10N(0). This is demon-

strated in Fig. 5b using the analytical model and in Supplementary 

Fig. A.8d with stochastic simulations. Systems with a lower K have 

an extra constraint on population growth since the initial popula-

tion is closer to the carrying capacity. In our model, this results in 

a higher decay rate for S cells at the beginning of the first strike. 

Therefore, the switching size N( ) (before nadir) is reached earlier 

and the expected R2 population size is relatively larger when the 

switch occurs. This effect is not observed if the R2 population is 

initially zero (Supplementary Fig. A.7c).

Extinction probability increases with death rate 
and turnover
To compare treatment outcomes across different plausible com-

binations of birth and death rates, we plot heatmaps of the range 

of high-PE switching sizes in b-d space (Fig. 5c). In the lower right 

region (characterized by high birth rates and low death rates), ex-

tinction probabilities are very low. This leaves us with a diagonal 

band in the b-d space where high extinction probabilities become 

attainable. We define the “good” region as the area to the left of the 

the contour line corresponding to an optimal extinction probabil-

ity of 0.9 (solid white line in Fig. 5c).

Within this “good” region, we make three major observations. 

First, a higher death rate results in a higher extinction probability 

(Supplementary Fig. A.7e). Second, as the birth rate increases, op-

timal extinction probability decreases and the optimal N( ) in-

creases (Fig. 5c, first panel and Supplementary Fig. A.7d). Faster 

growth rate of R1 cells and slower decay of S cells due to increase 

in b leads to a larger Nmin and therefore a larger optimal N( ) (as-

suming that the optimal switching size is close to the nadir). 

The range of high-PE switching sizes within the “good” region is in-

sensitive to changing the birth rate.

Third, we observe that the range of high-PE switching sizes be-

comes larger as we increase the turnover (defined as the sum 

b + d) while keeping the intrinsic growth rate gS constant (dashed 

line in Fig. 5b). Note that the cost of resistance is always a fixed 

fraction (0.5 by default) of the birth rate of S cells. It follows that 

when increasing turnover while keeping the growth rate gS con-

stant, the growth rate gR of resistant cells decreases. This leads 

to a smaller resistant population, contributing to the increase in 

extinction probability. Another effect of turnover relates to the es-

tablishment probability of potential rescue lineages. As noted in 

Appendix E: Derivation of the establishment probability, turnover 

appears in the expression for estimating the establishment prob-

ability e. Higher turnover at a constant net growth rate gS leads to 

a lower e. Turnover also quantifies the influence of genetic drift, 

and it has been shown that increasing genetic drift reduces the 

probability of fixation of mutant cell types (Uecker and 

Hermisson 2011). If it is harder for potential rescue lineages to es-

tablish, then there will be fewer rescue lineages, leading to better 

treatment outcomes.

Discussion

Here we have developed the first analytical model of a two-strike 

cancer therapy derived from the principles of evolutionary rescue. 

Our approach yields clearer explanations and more general re-

sults than previous computational modeling (Gatenby et al. 

2020), in that we perform a more systematic analysis of the par-

ameter space and we obtain extensive analytical results. We 

have also developed a complementary stochastic simulation 

model, which generally confirms the accuracy of our analytical 

predictions. To establish general conditions for successful ther-

apy, we have sought to keep our models simple and conservative, 

for example by excluding Allee effects and assuming a relatively 

large initial population of resistant cells.

In terms of methodology, our study differs from the bulk of 

prior evolutionary rescue models that consider either one abrupt 

change in the environment or a continuous, gradual change (Bell 

2017). While previous studies have examined evolutionary rescue 

when the environment fluctuates between harsh and favorable 

states (Greenspoon and Mideo 2017; Marrec and Bitbol 2020; 

Marrec and Bank 2023), we consider a sequence of distinct harsh 

states, such that the timing of environmental change is a control-

lable parameter. Most existing models of evolutionary rescue con-

sider a single resistant variant or, in a few cases (Iwasa et al. 2004; 

Martin et al. 2013; Uecker and Hermisson 2016; Osmond et al. 

2020), multiple variants with respect to one selective pressure. 

We have instead developed the case with three types of resistance 

to two types of environmental change, in the spirit of the classic 

chemotherapy model of Coldman and Goldie (1983).

We have used these new mathematical and computational 

models to investigate the optimal timing of the second strike 

and how the treatment outcome depends on crucial system para-

meters, including treatment efficacies and cost of resistance. The 

combination of analytical and computational analyses arms us 

with powerful tools to explore two-strike therapy in a wide range 

of scenarios, with a solid basis in eco-evolutionary theory. Several 

of our main conclusions are further supported by numerical re-

sults obtained using a different computational model, as reported 

in a preprint that was posted a year after our own study (Dabi et al. 

2025).

When do we get the highest extinction probabilities? The ability to 

analytically predict the optimal switching size for a large range of 

parameter values promises to aid the design of effective treat-

ment schedules. In contrast to Gatenby et al. (2020), who sug-

gested that striking before—even long before—Nmin is better, we 

have shown that the optimal switching size is either slightly be-

fore or slightly after the nadir. Given that it is unreasonable to ex-

pect switching to the second strike exactly at the optimal size, we 

have shown that it is generally better to wait slightly longer and 

risk missing the optimal N( ) than to apply the second strike too 

early. However, one should certainly not wait until the tumor be-

comes detectable again (as is the current practice) because that 

increases the probability that rescue mutants will emerge.
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Why do our results differ from those of Gatenby et al. (2020)?

The model of multi-strike therapy investigated by Gatenby 

et al. (2020) differs from ours in important respects that account 

for our contrasting conclusions regarding the optimal timing of 

the second strike. In their model, the cell population is initially 

sensitive to the first treatment and resistance to this first treat-

ment is a continuous trait, such that the tumor becomes increas-

ingly resistant while the first treatment is applied. All tumors are 

assumed to be equally sensitive to the second treatment, which is 

modeled simply as an instantaneous 20% reduction in tumor size. 

Moreover, the first treatment is continued after the second strike.

In the absence of density-dependent effects, the second treat-

ment in the model of Gatenby et al. (2020) effectively shifts the 

subsequent population size curve downwards by 20%. If this se-

cond strike is applied before Nmin then the tumor size nadir will 

be 20% less than Nmin, rendering the tumor more susceptible to 

stochastic extinction. Applying the second strike when the tumor 

size is close to Nmin is somewhat less effective than applying it 

earlier because in the latter case the tumor size spends more 

time below Nmin. Striking after Nmin is worse still because by 

then the tumor is both larger and more resistant to the first treat-

ment. Yet even if it is applied at the optimal time, the second 

strike’s impact on extinction probability will be negligible unless 

Nmin happens to be very close to the stochastic extinction 

threshold.

Gatenby et al. (2020) instead found the second strike to be high-

ly effective because they assumed that tumor growth is strongly 

density dependent. First, they assumed that, due to competition 

for resources, growth is inhibited at sizes close to the initial popu-

lation size. Applying the second strike very early is therefore sub-

optimal as it reduces the benefit of this negative density 

dependence. Second, and much more consequentially, they as-

sumed that an Allee effect inhibits growth at small population 

sizes, to the extent that the growth rate becomes negative at sizes 

moderately below Nmin, even for maximally resistant cells. 

Combined with the Allee effect, their second strike sufficed to 

shrink the tumor beyond the threshold at which extinction is 

not only probable but inescapable.

In summary, whereas the results of Gatenby et al. (2020) per-

tain to a specific scenario in which the first treatment drives the 

tumor to the brink of inevitable extinction and a small nudge 

can tip the balance, we have examined a more general case with 

more conservative assumptions. In our model, which has no 

Allee effect, the aim is not to push the tumor size below a given 

threshold but instead to minimize the probability that a rescue 

lineage will become established.

What are the best treatment combinations? The treatment effica-

cies during the two strikes ( 1 and 2) are the easiest model para-

meters to control in practice. The higher the two treatment 

efficacies, the higher the extinction probability at the optimal 

switching size (Fig. 3). However, switching at the optimal size, 

which becomes smaller as the treatment efficacy is increased, 

may be infeasible. In this case, the treatment combination that 

gives a wide range of switching sizes with a high probability of ex-

tinction may be better. Surprisingly, at least with a high cost of re-

sistance, we found that the largest high-PE (≥ 0.8) region in the 

before-nadir regime is obtained with an low-efficacy first treat-

ment paired with a high-efficacy second treatment. This result 

emphasizes the importance of timing in two-strike therapy—a 

stronger treatment with a poorly chosen switching time can be 

worse than a weaker treatment given at the right time. An inter-

esting implication of this result is that the two treatments need 

not both be very effective. A low treatment-induced cell death 

rate can give good treatment outcomes if the cost of resistance 

is high. Moreover, the optimal switching size is also relatively 

high for a less effective first treatment, which may be beneficial 

for treatment in practice.

What other tumor parameters determine the success of two-strike 

therapy? Our systematic exploration of the model parameter 

space reveals several noteworthy effects on treatment outcomes. 

First, although a high cost of resistance is predictably beneficial 

for treatment, we found that two-strike therapy can outperform 

conventional sequential treatment even when this cost is small 

or nonexistent (Fig. 4). Therefore, in common with adaptive ther-

apy (Viossat and Noble 2021), two-strike therapy is not contingent 

on a cost of resistance. Moreover, we saw a variable response to a 

change in the cost of resistance depending on treatment efficacy. 

For high treatment efficacies, we observed comparable extinction 

probabilities in the presence and absence of the cost of resistance, 

but for low efficacies, a small cost of resistance gives much worse 

treatment outcomes than a high cost. Second, we find that higher 

intrinsic death rate and turnover are beneficial for treatment, con-

sistent with findings that higher turnover increases extinction 

probability (Raatz and Traulsen 2023). This has also previously 

been shown for adaptive therapy (Strobl et al. 2020).

Third, we found that for a given initial tumor size, changes in 

carrying capacities have little effect on treatment outcome 

(Fig. 5b) even though a higher carrying capacity allows more tu-

mor growth. This indicates that two-strike therapy could poten-

tially be applied to both primary and metastatic cancers.

Although we have used simple models with minimal assump-

tions to ensure that our main findings are qualitatively robust, 

we have not explored all plausible functional forms. For example, 

in a model in which mutations occur only at the time of cell div-

ision, the number of potential rescue mutants (and therefore ex-

tinction probability) would depend on the number of divisions, 

while in our model it depends on the population size. The depend-

ence of mutations on the birth rate would change some of our re-

sults, especially the results on death rate and turnover.

When should two-strike therapy be used? Two-strike therapy 

holds most promise as an alternative to conventional sequential 

therapy—in which the second treatment is given only after the 

first has been seen to fail—especially in cases where a very good 

initial response to treatment is typically followed by relapse. We 

have shown it may be a wise choice when one of two available 

treatments is less effective than the other. Although our results 

suggest that two-strike therapy is likely to succeed only in rela-

tively small tumors (Fig. 5a), we expect that subsequent treatment 

strikes, following the same principle, would lead to higher extinc-

tion probabilities for larger tumors. Our predicted extinction prob-

abilities for two-strike therapy are moreover conservative as we 

have assumed a much larger initial resistant population than ex-

pected for our default tumor size, according to a standard model 

of mutation-selection balance (see Appendix A: Analytic model 

without competition). Allee effects might further increase extinc-

tion probabilities and make two-strike therapy viable in a wider 

range of scenarios (Dennis et al. 2016; Gatenby et al. 2020). 

Nevertheless, if resistant cells are abundant and have relatively 

high fitness then extinction may be practically unachievable 

and a long-term tumor control strategy such as adaptive therapy 

could be a better option (Gatenby et al. 2009; Monro and Gaffney 

2009; Hansen and Read 2020; Viossat and Noble 2021).

When tolerable, combination therapy (that is, applying both 

treatments simultaneously) should also be considered. Whether 

it is better to apply drugs together or in sequence depends on sev-

eral factors including the doses that can be administered in each 
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case, the shape of the dose-response curves, the extent of syner-

gism, and the degree of cross-resistance (Bozic et al. 2013; 

Saputra et al. 2018; Nyhoegen et al. 2024; Dabi et al. 2025). A com-

prehensive comparison of these alternative strategies using our 

mathematical methods is beyond the scope of the current study 

and remains an important topic for future research (but see 

Appendix F: Comparison with combination therapy).

Even when it may be theoretically optimal, two-strike therapy 

crucially depends on the availability of effective treatments with 

low cross-resistance and methods for monitoring tumor burden 

over time (Reed et al. 2020). Moreover, even when it is predicted 

to be the best strategy, some patients and physicians might be re-

luctant to initiate a second treatment before the first has been 

seen to fail.

Demonstrating the breadth of potential applications of 

two-strike therapy, the three clinical trials that are already under-

way in metastatic rhabdomyosarcoma (NCT04388839 2020), 

metastatic prostate cancer (NCT05189457 2021), and metastatic 

breast cancer (NCT06409390 2024) involve not only diverse cancer 

types but also very different classes of treatment, including 

chemotherapy, targeted therapies, and hormonal agents. Other 

proposed targets include locally advanced rectal adenocarcinoma 

(Felder et al. 2021) and pediatric sarcomas (Reed et al. 2020).

Designing practical two-strike strategies. Given that the optimal 

switching size is reached some time after the tumor becomes un-

detectable, the design of practical switching strategies remains a 

challenging problem. One approach is to use a proxy for tumor 

size, such as prostate-specific antigen in the case of prostate can-

cer (NCT05189457 2021). But when personalized strategies are im-

practical it will be necessary to determine which standardized 

protocol performs best for a given cohort. Mathematical models 

and in silico trials have potential to facilitate this process by ac-

counting for biological variation and clinical constraints as well 

as stochasticity (Dabi et al. 2025; Gallagher et al. 2025).

One idea is to extract tumor demographic rates by monitoring 

the decay in tumor volume during treatment (Grassberger et al. 

2019), and to use sequencing data or experiments with patient- 

derived cells to estimate the initial size and growth rate of the 

resistant subpopulation. Using these parameter values, an esti-

mator for when to switch could be constructed.

Conclusion and future directions. We have shown that two-strike 

therapy is a theoretically sound concept that, in certain scenarios, 

could plausibly increase cancer cure rates compared to conven-

tional single-strike or sequential treatment strategies. Our work 

provides a necessary foundation for further mathematical inves-

tigation and justification for experimental and clinical testing of 

this innovative strategy.

An important topic for further mathematical analysis is the 

prevention of evolutionary rescue with more than two strikes. 

Previous work on the optimal scheduling of multiple treatments 

(Goldie et al. 1982; Coldman and Goldie 1983; Chen et al. 2013) sug-

gests that alternating two treatments is a theoretically sound ap-

proach. An alternative strategy, more in line with the original 

conception of multi-strike therapy, is to switch to a third treat-

ment whenever possible. Other, related directions for mathemat-

ical investigation include accounting for cross-resistance and 

considering alternative biological assumptions, such as modeling 

resistance as a continuous, plastic trait.
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Appendix A: Analytic model without 
competition

We study here the model without competition, obtained by letting 

the carrying capacity K go to infinity. This is a reasonable approxi-

mation of the true model (Fig. 5b and Supplementary Fig. A.8d), 

and it may be solved explicitly. This allows us to better under-

stand the impact of various parameters.

We denote by g1, g2, and g1,2 the baseline per-cell growth-rates 

of the resistant strains R1, R2 and R1,2, respectively. In the main 

text, for simplicity, these growth rates are assumed to be equal 

and denoted by gR, but this assumption is not needed here. Let 

S = gS − 1 − 2, 1 = g1 − 2 and 2 = g2 − 1 denote the per-cell 

growth-rates of subpopulations S, R1, and R2, net of outgoing per- 

cell mutations rates. Let ci = S − i (i = 1, 2) denote the cost of re-

sistance net of the mutation rates. Since the mutation rates are 

assumed to be much lower than the growth rates, S ≈ gS, i ≈ gi, 

and ci ≈ gS − gi, i = 1, 2.

During the administration of treatment 1, the model reads

Ṡ = ( S − 1)S (A1) 

Ṙ1 = 1R1 + 1S (A2) 

Ṙ2 = ( 2 − 1)R2 + 2S (A3) 

Ṙ1,2 = g1,2R1,2 + 2R1 + 1R2. (A4) 

A similar set of equations holds for population dynamics during 

treatment 2, with S − 1 replaced with S − 2, 2 − 1 replaced 

with 2, and 1 replaced with 1 − 2. The initial condition for the 

model during treatment 2 is simply (S( ), R1( ), R2( ), R1,2( )) where 

denotes the switching time.

In common with the analytical model of the main text, this is a 

deterministic model used to represent a stochastic phenomenon. 

The interpretation is that S(t), R1(t), R2(t) and R1,2(t) are the ex-

pected number of S, R1, R2 and R1,2 cells at time t, respectively 

(see Appendix D: Correspondence between the analytic evolution-

ary rescue model and the linear birth-death-mutation model).

Recall that the potential rescue mutants (potential because 

they must become established to become true rescue mutants) 

are the R2 cells present when switching to treatment 2, the R2 cells 

arising by mutation from S to R2 during treatment 2, as well as all 

R1,2 cells arising directly by mutation of R1 or R2 cells (as opposed 

to reproduction of former R1,2 cells), at any time: before treatment 

1, during treatment 1, or during treatment 2. The expected num-

ber of potential R1,2 rescue mutants appearing before time t, which 

we denote by R∗
1,2(t), follows the dynamics

Ṙ
∗

1,2 = 2R1 + 1R2. (A5) 

The difference with the dynamics of R1,2 cells is that the reproduc-

tion term is absent. We consider only newly generated R1,2 mu-

tants because the number of R1,2 rescue mutants is determined 

Table A.1. Main symbols used in Appendix A.

Symbol Description Formula

gS, g1, g2, g1,2 Per capita growth rates of S,R1, 
R2, and R1,2 cells

1, 2 Mutation rate for acquiring 
resistance to treatment 1, 2

S, 1, 2 Per capita growth rates net of 
outgoing mutation rates

gS − 1 − 2, 
g1 − 2,  
g2 − 1

c1, c2, c1,2 Costs of resistance (R1, R2 or R1,2 

cells)
S − i

2, 1,2 Probability of establishment 
(R2 or R1,2 cells)

(continued)

Table A.1. (continued)

Symbol Description Formula

R̃1(0) Initial R1 population needed to 
generate the same long-run R1 

population absent mutations 
from S to R1

R1(0) +
1S0

1 − c1

R̃2(0) Additional number of R2 cells at 
time 0 compared to reference 
case

R2(0) −
2S0

c2

R∗
1,2(t) Expected number of R1,2 lineages 

appearing before time t
tmin Time at which the nadir is 

reached
Nmin Tumor size (number of cells) at 

the nadir
tDN, tSGV Switching time minimizing the 

number of de-novo or SGV 
rescue mutants

DN( ), SGV( ) Expected number of de-novo or 
SGV rescue mutants if 
switching to treatment 2 at 
time 

S Coefficient of S in formula for 
number of rescue mutants 2

1

2 − S

+
1

c2

( )

1 Coefficient of R1 in formula for 
number of rescue mutants 1,2

1

2 − 1

+
1

1

( )

aS, a1 Coefficient of S or R1 in formula 
for number of de-novo rescue 
mutants

2/( 2 − S), 

1,2/( 2 − 1)
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by multiplying the probability of establishment by the number of 

R1,2 cells that arise via mutation.

Letting 2 and 1,2 denote the probability of establishment of R2 

and R1,2 mutants, respectively, the total expected number of res-

cue mutants if switching to treatment 2 at time is given by

RM( ) = 2R2( ) + 1,2R∗
1,2( ) +

Z +∞

2( 2S(t) + 1,2R1(t)) dt

≈ 2R2( ) + 1,2R∗
1,2( ) + 2

2S( )

2 − S

+ 1,2
2R1( )

2 − 1

,

(A6) 

where the approximation neglects the impact of mutations from 

S to R1 on the dynamics of R1 cells during the administration of 

treatment 2. Note that due to the absence of competition in the 

above model, the probability of establishment of an R1,2 mutant 

is the same in all environments, including before treatment.

(Not considering competition is most debatable before treatment 

begins, as this is when the tumor is expected to be most dense. 

Competition would reduce the probability of establishment of po-

tential R1,2 rescue mutants before treatment, but not taking this 

fact into account is harmless for two reasons. First, even without 

taking competition into account, the expected number of potential 

R1,2 mutants arising before treatment 1, R∗
1,2(0), is negligible. 

Lowering this value would only very slightly increase the probability 

of extinction for a given treatment. Second, if an R1,2 rescue mutant 

gets established before treatment begins then the probability of tu-

mor extinction is zero whatever the treatment. Thus, to determine 

which treatment maximizes the probability of extinction, we can 

condition on the event R∗
1,2(0) = 0. The probability of establishment 

of R1,2 cells before treatment begins is then irrelevant.)

If all populations of rescue mutants are approximately Poisson 

distributed, then the probability of extinction is approximately gi-

ven by

PE( ) = exp ( − RM( )).

This is the analog of the main text Eq. (1), and explains why we 

want to minimize RM( ).

Note that assuming that all populations of rescue mutants are 

approximately Poisson distributed is debatable: this is the case for 

all R1,2 rescue mutants and for R2 rescue mutants arising during 

treatment 2, but not necessarily for R2 cells remaining when 

switching to treatment 2, see Distribution of preexisting estab-

lished R2 cells in Appendix D.

The system of differential equations (A1)–(A4) is linear and 

therefore has an explicit solution. Assuming 2 ≠ S and letting 

S0 = S(0), we get

S(t) = S0e−( 1− S)t (A7) 

R1(t) = R1(0) +
1S0

1 − c1
1 − e−( 1−c1)t
( )

[ ]

e 1t

≈ R1(0) +
1S0

1 − c1

[ ]

e 1t

(A8) 

R2(t) = R2(0) +
2S0

c2
ec2t

− 1
( )

[ ]

e−( 1− 2)t

= R2(0) −
2S0

c2

[ ]

e−( 1− 2)t
+

2

c2
S(t),

(A9) 

where the approximation for R1 holds when e−( 1−c1)t = 

(S(t)/S0)1+ 1/( 1− S)
≪ 1 (with our default parameters values, 

e−( 1−c1)t = 0.01 when S(t)/S0 ≈ 0.034).

The quantity R1,2(t) can also be expressed explicitly, but is not 

relevant. Indeed, it represents the expected number of R1,2 cells, 

while we are interested in the expected number R∗
1,2 of R1,2 cells dir-

ectly arising from mutations from R1 or R2 cells. The latter is given by

R∗
1,2( ) = R∗

1,2(0) +

Z

0
2R1(t) + 1R2(t) dt. (A10) 

Here, R∗
1,2(0) =

∫ 0
−T 2R1(t) + 1R2(t) dt where −T is the time of tumor 

initiation.

This leads to

R∗
1,2(t) = R∗

1,2(0) + 2 R1(0) +
1S0

1 − c1

[ ]

e 1t − 1

1

( )

+ 1 R2(0) −
2S0

c2

[ ]

1 − e−( 1− 2)t

1 − 2

( )

+ 1 2S0
1 − c1 − c2

c2( 1 − c1)

( )

1 − e−( 1− S)t

1 − S

[ ]

,

(A11) 

where the most important terms are those of the first line: the 

number of rescue mutants arising from R1 and R2 before the be-

ginning of treatment and the number of rescue mutants arising 

from R1 during treatment 1.

Letting R̃1(0) = R1(0) + 1S0/ 1 − c1( ), R̃2(0) = R2(0) − 2S0/c2, and 

using (A9) and (A11), we obtain the following approximation of 

the expected number of rescue mutants when 

S(t)/S0 = e−( 1− S) ≪ 1, that is, when the sensitive population has 

been considerably reduced:

RM( ) ≈ 2 SS( ) + 1R1( )
[ ]

+ 2R̃2(0)e−( 1− 2)
+ C, (A12) 

where

S = 2
1

2 − S

+
1

c2

( )

, 1 = 1,2
1

2 − 1

+
1

1

( )

(A13) 

and

C = 1,2 R∗
1,2(0) − 2

R̃1(0)

1

+ 1

R̃2(0)

1 − 2

(

+ 1 2S0
1 − c1 − c2

c2( 1 − c1)

( )

1

1 − S

[ ])

(A14) 

is a constant that impacts the probability of extinction but not the 

comparison between switching times. The quantity R̃1(0) repre-

sents the initial R1 population that would generate the same long- 

run R1 population in the absence of mutations from S cells to R1. It 

is positive. The quantity R̃2(0) represents the additional initial R2 

population compared to a reference case described below. It 

may be positive or negative.

A reference case for initial resistant populations
The initial resistant populations before the first treatment begins 

depend on the tumor and treatment history before the phase that 

we are interested in. For instance, if other treatments were given 

before and that resistance to these treatments is correlated to re-

sistance to treatments 1 and 2, the initial resistant populations 

R1(0) and R2(0) could be large. Nevertheless, as a reference point, 

assume that the tumor starts at time −T with a single sensitive 

cell and no resistant cells, and that, until the administration of 

treatment 1, the tumor follows the dynamics we assumed, 
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without the effect of treatment: Ṡ = SS and Ṙi = iRi + iS, i = 1, 2. 

For −T ≤ t ≤ 0, this leads to

Ri(t) =
i

ci
e S(T−|t|)

− e i(T−|t|)
[ ]

. (A15) 

Letting t = 0 and using that e it = [e St] i/ S , we obtain

Ri(0) =
i

ci
e ST

− e iT
[ ]

=
i

ci
S0 1 − S

−ci/ S

0

[ ]

≈
i

ci
S0, (A16) 

which corresponds to the standard mutation-selection balance in 

an exponentially growing population. This leads to a value of Ri(0) 

equal to 5 with our default parameter values, much lower than 

the 100 initial Ri cells we assume in our simulations.

In the absence of a cost of resistance: ci = 0, the previous for-

mula becomes Ri = i

S
S ln S, and with our other default parameter 

values, we obtain Ri(0) ≈ 38, still lower than 100. If the number 

of mutations from S to Ri is not only proportional to S but also to 

the birth rate of S cells, that is, Ṙi = iRi + ibSS, then i should be 

replaced by ibS in the formula and we would get Ri = ibS

S
S ln S, 

or equivalently Ri = ibSSt. Note also that with our default param-

eter values, S
−ci/ S

0 ≈ 5 × 10−4, and the approximation in (A16) is ex-

cellent. It is less good for small costs of resistance, e.g. if S0 = 106 

and ci/ S = 1/6, then S
−ci/ S

0 = 0.1 and we make a 10% error.

Plugging (A16) into (A5) and integrating between −T and 0 

leads to

R∗
1,2(0) =

∑

i=1,2

1 2

ci

e ST − 1

S

−
e iT − 1

i

[ ]

=
∑

i=1,2

1 2

ci

S0 − 1

S

−
S i/ S

0 − 1

i

[ ]

≈ 1 2

S0

S

c1 + c2

c1c2

( )

.

Plugging the initial resistant populations obtained in (A16) in the 

expressions for Ri(t) and R∗
1,2(t) of Eq. (A8), (A9) and (A11) leads to 

(during treatment 1)

R1(t) ≈ 1S0
1

c1( 1 − c1)

[ ]

e 1t,

R2(t) ≈
2

c2
S0e−( 1− S)t

=
2

c2
S(t),

R∗
1,2(t) ≈ R∗

1,2(0) +
2

1

R1(t).

This leads to

RM( ) ≈ 2 SS( ) + 1R1( )
[ ]

+ 1,2R∗
1,2(0), (A17) 

where S and 1 were defined in (A13). The key difference with 

(A12) is that, since R̃2(0) ≈ 0, the term in R̃2(0) disappeared. In 

our simulations, we assume a larger initial resistant population 

than in this reference case (A16). This allows us to study the 

worst-case scenario in which the treatment history leads to a 

large resistant population, giving us conservative bounds on 

the extinction probability.

Intuition about our findings, robustness
We now use previous formulas, with or without assuming the ini-

tial resistant populations of the reference case (A16), to compute 

some interesting quantities and get some intuition about our find-

ings in the main text.

We first need a lemma.

Lemma A1 Let A, B, , be positive real numbers. The quantity 

x(t) = Ae− t + Be t is minimal at tmin = 1
+

ln ( A
B ) and its value is 

then

xmin =
1

+
1

( )

( A) / +( )( B) / +( ).

Moreover, if C > 0, the function f (t) = Be t/Ae− t satisfies f (t) = 

Cf (tmin) when e( + )(t−tmin) = C, and we then have

x(t)

xmin
=

+
C− / +( ) +

+
C / +( ).

Proof. Let y(t) = Ae− t, z(t) = Be t so that x(t) = y(t) + z(t). The func-

tion x is convex and is thus minimal when its derivative cancels. 

Since x′(t) = − y(t) + z(t), this occurs when z/y = / . This leads 

to e( + )tmin = A / = /B, hence the formula for tmin. Moreover, z y im-

plies y/x = /( + ) and z/x = /( + ). Note that f (t) = B
A e( + )t = 

f (t (
min)e + ) t where t = t − tmin. Thus, f (t) = Cf (tmin) when 

C = e( + ) t. We then have y(t) = y(tmin)e− t = y(t −
min)C + and simi-

larly, z(t) = z(tmin)C + . Therefore,

x(t)

xmin
=

y(tmin)C− / +( ) + z(tmin)C / +( )

xmin

=
+

C− / +( ) +
+

C / +( ).

Computation of the nadir

Unless we assume a negative resistance cost, we expect that at 

time 0 and throughout the administration of treatment 1, R2(t) ≪ 

S(t) and R1,2(t) ≪ R1(t), so that most tumors cells are either S cells or 

R1 cells. Thus,

N(t) ≈ S(t) + R1(t) ≈ S0e−( 1− S)t
+ R̃1(0)e 1t. (A18) 

(Equation (A18) is similar to, e.g. Eqn 6 of Orr and Unckless (2014), 

with the difference that the latter does not consider the impact of 

mutations from S to R1 cells arising during treatment 1.)

The right-hand side of Eq. (A18) may be minimized using 

Lemma A1. Letting x̃1(0) = R̃1(0)/S0, this leads to

Nmin ≈ S0
1

1 − S

+
1

1

[ ]

( 1 − S) 1/( 1−c1)
1x̃1(0)

( )( 1− S)/( 1−c1), 

where we used that 1 − S + 1 = 1 − c1. With the initial resistant 

populations of the main text and our default parameter values, 

we obtain Nmin ≈ 2018. With the initial R1 population of the refer-

ence case (A16) and our default parameter values otherwise, we 

would get Nmin ≈ 286.

The expected number of de-novo rescue mutants is 
minimized by switching slightly after the nadir

This part of the analysis is also valid for the model with competi-

tion, as long as Nmin ≪ K. The intuition is simple. Recall that de- 

novo rescue mutants are those generated during treatment 2, 

and let a1 and aS denote the expected number of de-novo rescue 

mutants generated by each R1 or S cell present at the switching 

time , respectively. The expected number of de-novo rescue mu-

tants is minimized by switching when a1R1 + aSS is minimal. In 

the absence of a resistance cost, a1 = aS, and the expected number 
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of de-novo rescue mutants is minimized by switching when R1 + S 

is minimal, that is, essentially at the nadir. With a resistance cost, 

R1 cells decay faster than S cells during treatment 2, therefore gen-

erating fewer de-novo rescue mutants. Thus aS > a1. For this rea-

son, the expected number of de-novo rescue mutants is not 

minimized by switching at the nadir but slightly later (how 

much later depends on the resistance cost).

Let us be more precise. Let = 1 − S and = 1. During treat-

ment 1, N ≈ S + R1, Ṡ = −( 1 − S)S = − S. Moreover, once 

S(t)/S0 ≪ 1, Ṙ1 ≈ 1R1 = R1 (see Eq. (A8)), so Ṅ ≈ − S + R1. The na-

dir is thus reached, approximately, at the time tmin such that 

R1/S = / .

Let a1 = 1,2/( 2 − 1) and as = 2/( 2 − S). The expected number 

DN of de-novo rescue mutants satisfies

DN( )

2

=

Z ∞

2S(t) + 1,2R1(t) dt

≈ aSS( ) + a1R1( ) ≈ a1N( ) + (aS − a1)S( ),

(A19) 

where we used that during treatment 1, N ≈ S + R1. In the absence 

of costs of resistance, that is, if 1 = 2 = 1,2 = S (which also implies 

2 ≈ 1,2 and therefore aS = a1), the quantity DN( ) is minimized at 

the nadir. If, however, we assume a cost of resistance for R1 cells 

and similar probabilities of establishments for R2 and R1,2 cells 

( 2 ≈ 1,2), then aS > a1. Since at the nadir, Ṅ = 0 and Ṡ < 0, it follows 

that DN is still decreasing. To minimize it, it is thus best to switch 

after the nadir.

To be more precise, note that DN is minimal at the time tDN 

such that aSṠ + a1Ṙ1 = 0, that is, −aS S + a1 R1 = 0. It follows that

R1(tDN)

S(tDN)
=

aS

a1
=

aS

a1

R1(tmin)

S(tmin)
.

Using Lemma A1 with C =
aS

a1 
thus implies that

N(tDN)

Nmin
≈

+
(aS/a1)− /( + )

+
+

(aS/a1) /( + )
. (A20) 

With our standard parameter values, we get N(tDN) ≈ 1.013Nmin. 

The expected number of de-novo rescue mutants is minimized 

by switching just slightly after reaching the nadir. Testing other 

parameter values suggests that this conclusion is robust, in the 

sense that the ratio (A20) varies relatively little from 1 when chan-

ging parameters (Supplementary Fig. A.12).

Note also that with our default parameter values, 1 − S > 1. 

That is, during treatment 1, the decay rate of the sensitive popu-

lation is larger than the growth-rate of the R1 population. 

Therefore, the expected number aSS + a1R1 of de-novo rescue mu-

tants tends to decrease rapidly before the nadir, and then to re-

bound more slowly. Therefore, in terms of switching times, the 

window of opportunity to minimize the number of de-novo 

rescue mutants extends further to the right than to the left of 

the nadir.

The expected number of preexisting rescue mutants may be 
minimized before or after the nadir

Recall that by preexisting or SGV potential rescue mutants, we 

mean R2 cells present when switching to treatment 2, and R12 cells 

arising directly from mutations of R1 or R2 cells before treatment 

2. During treatment 1, the R2 population decreases, but the ex-

pected number of R1,2 rescue mutants increases. The expected 

number SGV( ) = 2R2( ) + 1,2R∗
1,2( ) of preexisting rescue mutants 

is minimal when these two forces exactly balance each other, 

i.e. when

d

d
SGV = 0.

That is,

2 ( 2 − 1)R2 + 2S
[ ]

+ 1,2 1R2 + 2R1

[ ]

= 0.

Assuming 1 ≪ 1 − 2, this happens when

R2 =
2

1 − 2

N +
1,2 − 2

( )

2
R1

[ ]

.

If, as in the main text, 1,2 = 2, hence 2 = 1,2, this boils down to

R2

N
=

2

1 − 2

.

This may occur before or after the nadir, depending on the value 

of parameters, and in particular of the initial R2 population: the 

larger R2(0), the more important it is to wait that the R2 population 

decreases.

In the reference case (A16), that is, Ri(0) = iS0/ci, the expected 

number of preexisting rescue mutants is approximately

SGV = 2
2

c2
S +

1,2

1

R1

[ ]

+ R∗
1,2(0). (A21) 

Assuming Ṙ1 ≈ 1R1, this is minimal when

R1

S
=

2

1,2

1 − S

c2
.

Recalling that at the nadir, R1/S = ( 1 − S)/ 1, and that the ratio 

R1/S increases with time, it follows that the number of preexisting 

rescue mutants reaches its minimum before the nadir if

c2 >
2

1,2
1 

and after the nadir otherwise. With our default parameters, the 

cost of resistance is very strong, and this inequality is satisfied 

(0.5 > 0.4). Thus, the number of preexisting rescue mutants 

reaches its minimum before the nadir. More precisely, by 

Lemma A1 and using C = 1 2/(c2 1,2), the expected number of pre-

existing rescue mutants is minimized at the time tSGV such that 

tSGV ≈ 0.983tmin, and the tumor size is then N(tSGV) ≈ 1.005Nmin.

However, with a smaller cost of resistance c2, the number of 

preexisting rescue mutants would reach its minimum after the 

nadir. The optimal switching time would then unambiguously 

be after the nadir, even though we assumed in this computation 

a much smaller initial R2 population than in our simulations. 

Thus, the fact that the optimal switching time is after the nadir 

does not require a large initial R2 population.

When to switch in total: before or after the nadir?

To see whether the optimal switching time is before or after the 

nadir, consider first the reference case (A16), where R2(0) = 2
c2

S0. 

From Equations (A19) and (A21), we obtain that the expected num-

ber of potential rescue mutants is given by:
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RM( ) = DN + SGV

= 2 2
1

2 − S

+
1

c2

( )

S + 1,2
1

2 − 1

+
1

1

( )

R1

[ ]

+ 1,2R∗
1,2(0)

= 2 SS + 1R1[ ] + 1,2R∗
1,2(0), 

where S = S( ), R1 = R1( ), and S and 1 were defined in (A13). This 

is just another derivation of Eq. (A17), but making the contribu-

tions of de-novo and SGV rescue mutants more transparent. By 

the same logic as in the previous sections, it is best to switch be-

fore the nadir if the coefficient of S is smaller than the coefficient 

of R1, that is, if S < 1, and after otherwise.

With our default parameter values except for the initial resist-

ant populations, S/ 1 ≈ 0.93 < 1, so it is best to switch slightly be-

fore the nadir. More precisely, from (A17), we get that the expected 

number of rescue mutants is minimized when SṠ + 1Ṙ1 = 0. 

Recalling that Ṡ = −( 1 − S)S, that Ṙ1 ≈ 1R1 once S/S0 ≪ 1, and 

that at the nadir R1(tmin)/S(tmin) ≈ ( 1 − S)/ 1, this leads to

R1

S
≈

S

1

R1(tmin)

S(tmin)
.

Denoting by topt the time at which the expected number of rescue 

mutants is minimized, we then get from Lemma A1 with C = S

1 

that topt ≈ 0.99994tmin and that N(topt) ≈ 1.0005Nmin. Thus, the op-

timal switching time is very slightly before the nadir, but so slight-

ly that this could be due to approximation errors in our formulas, 

and could be easily reversed by slight changes in parameters. For 

instance, slightly lowering the resistance costs c1 or c2 would in-

crease the ratio S/ 1, and for c1 = c2 = 0.47, we already obtain 

that topt > tmin, i.e. we should now switch after rather than before 

the nadir.

We conclude that whether the optimal switching time is before 

or after the nadir is not a robust finding, and depends on para-

meters. What seems robust is that it is best to switch close to 

the nadir. Moreover, with our default parameter values, the 

decay-rate 1 − S of the sensitive population during treatment 1 

is larger than the growth-rate 1 of the resistant population R1. 

For this reason, tumor size and the number of expected rescue 

mutants tend to decrease relatively quickly before the nadir, 

and then to rebound more slowly (see mathematical details be-

low). This makes switching after the nadir safer when the time 

at which the nadir is reached cannot be precisely determined 

(see Supplementary Fig. A.3). This conclusion would be reversed 

for parameter values such that 1 − S < 1.

For arbitrary initial resistant populations, replacing (A17) by 

(A12) leads to:

RM( ) ≈ 2 SN( ) + ( 1 − S)R1( )
[ ]

+ 2R̃2(0)e−( 1− 2) + C.

The previous argument shows that, with our default parameter 

values, the bracket is minimized very slightly before the nadir. 

However, in our simulations, we chose a relatively large initial 

R2 population, hence R̃2(0) is quite positive. Since the term 

R̃2(0)e−( 1− 2)t decreases with time, switching after the nadir should 

give better results than switching before. This is what we observed 

(Fig. 2a, first row).

Here are details on the fact that the number of expected rescue 

mutants decreases quicker before the nadir than it rebounds 

after: we claim that in the reference case (A16), for any > 0, 

RM(topt + ) ≤ RM(topt − ). Indeed, let S(topt) and R1(topt) denote 

the size of the S and R1 populations at the optimal switching 

time topt if switching at (or after) this time. With the 

approximations Ṙ1 = 1R1 close to topt (before switching), and let-

ting = 1 − S, = 1, we get that SS(topt) = 1R1(topt) and (recall 

A17):

1

2

RM(topt + ) − 12R∗
12(0)

[ ]

= SS(topt)e
−

+ 1R1(topt)e

= c
e−

+
e

[ ]

where c = SS(topt) = 1R1(topt). It follows that for > 0,

RM(topt + ) < RM(topt − ) ⇔
e−

+
e

<
e

+
e−

⇔ 2
sinh ( )

< 2
sinh ( )

⇔
sinh ( )

<
sinh ( )

⇔ <

where sinh (x) = (ex − e−x)/2 is the hyperbolic sine function, and the 

last equivalence follows from the standard fact that x !
sinh (x)

x is 

increasing on (0, + ∞). Since = 1 − S > 1 = , the result follows.

A lower value of 1 may reduce the expected number of 
rescue mutants when switching before the nadir and at a 
given size

Treatment toxicity is a major concern in cancer therapy, which 

may justify the use of relatively mild doses. Here, we discuss 

whether there might be other motivations to reduce the efficacy 

of treatment 1.

For a given switching time, a larger value of treatment 1 effi-

cacy 1 is unambiguously beneficial for treatment: it leads directly 

to lower R2 and sensitive populations, and indirectly to fewer mu-

tations from sensitive to R1 and R2 cells. This in turn decreases the 

number of mutations from R1 or R2 cells to R1,2 cells. Thus, a higher 

efficacy of treatment 1 decreases all resistant populations, leading 

to a lower probability of evolutionary rescue. (The situation would 

be more complex in a model with competition, as in the main text, 

because reducing the sensitive population would hasten the com-

petitive release of the resistant populations. Thus, a larger value 

of 1 would also have negative effects, and the net effect should 

be estimated more carefully. For example, with a lower 1, the 

time before R1 can grow at its competition-free rate increases, 

meaning that at a given time, there would be fewer R1 cells, hence 

fewer R12 mutants arising from R1 cells, whether before or after 

switching to treatment 2. So, if switching at a relatively late 

time, when S cells and SGV R2 mutants are insignificant, a lower 

value of 1 could increase the probability of extinction. This can 

be seen by comparing the probability of extinction between 1 = 

1.2 and 1 = 2.0 at otherwise default parameter values when switch-

ing at = 20 (see Fig. A.5). Similar issues are studied by Day and Read 

(2016) and Uecker et al. (2014), e.g. pp. E31–E32, and in the literature 

on tumor containment (Viossat and Noble 2021).)

For a given switching size, a larger value of treatment 1 effi-

cacy 1 need not be beneficial for treatment, at least when we 

switch before the nadir, and the initial R2 population is relatively 

large. Indeed, in that case, as mentioned in the main text, lower 

values of 1 provide an advantage by letting the R2 population 

decay more between the beginning of treatment 1 and the 

time when the switching tumor size is reached. We now explain 

this formally.

Assume that the protocol is to switch treatment the first time 

that tumor reaches size �N, and consider various values of 1 

such that this happens. As explained above, a lower value of 1 

leads to a lower rate of decay of the sensitive population, hence 
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also to more mutations from S to Ri and a higher growth rate of the 

resistant populations. It thus leads to a larger resistant population 

size and a larger tumor size for a given sensitive population size. It 

follows that to reduce tumor size to size �N, the sensitive popula-

tion must be reduced by a larger factor when 1 is low. Thus, let-

ting ( 1) denote the time at which the switching size �N is 

reached, the ratio S( ( 1))/S0 is increasing with 1 (lower for a low 

value of 1).

But S( ( 1))/S0 = e−( 1− S) ( 1), so

e−( 1− 2) ( 1) = S( ( 1))/S0

[ ]( 1− 2)/( 1− S)
= S( ( 1))/S0

[ ]1+c2/( 1− S)
.

The lower 1, the lower the quantity in the bracket, and the larger 

the exponent (assuming a cost of resistance). Thus a low value of 

1 leads to a low value of e−( 1− 2) ( 1), hence to a low value of the 

term R̃2(0)e−( 1− 2) when R̃2(0) > 0.

Since a low value of 1 increases the proportion of R1 cells when 

reaching size �N, the value of 1 also affects the term 

SS + 1R1 = N[ S + ( 1 − S)R1/N]. However, as long as the ratio 

S/ 1 is close to 1, as with our default parameter values, this effect 

will be small.

Thus, for a relatively large value of the R2 population, as in our 

simulations, we expect that the main effect of a decrease in the ef-

ficacy of treatment 1 when switching at a given size and before the na-

dir is to decrease the number of SGV R2 rescue mutants. This 

explains why a lower efficacy of treatment 1 may then be paradox-

ically beneficial for treatment (Fig. 3a, left, and comparison of Figs. 

2a, left, and 3b, right).

For similar reasons, a larger carrying capacity K, by reducing 

the decay rate of S cells, may decrease the number of SGV R2 res-

cue mutants and lead to a larger probability of tumor extinction 

when switching at a given size before the nadir, as discussed in 

Results.

Impact of a cost of resistance

A key impact of costs of resistance, if they are incurred even be-

fore treatment begins, is to decrease the initial proportion of re-

sistant cells. This was addressed when deriving the reference 

case (A16). By contrast, we focus here on the impact of costs of 

resistance for fixed initial resistant populations, as assumed in 

our simulations.

For a given switching time, all costs of resistance lead to a lar-

ger probability of tumor extinction. Indeed, they do not impact 

the sensitive population, and reduce resistant populations, 

hence the expected number of rescue mutants. It follows that 

any cost of resistance increases the range of switching times 

leading to a large probability of extinction. In a model with com-

petition between tumor cells (such as in the main text), resist-

ance costs, by reducing the number of resistant cells, would 

slightly increase the number of sensitive cells, but we still ex-

pect resistance costs to lead to larger probabilities of extinction 

for a given switching time, as observed in our simulations 

(Supplementary Fig. A.3, compare columns 1 and 2, see also 

Supplementary Fig. A.4).

For a given switching size, resistance costs for R2 and R1,2 mu-

tants still lead to a larger probability of tumor extinction: they 

do not significantly affect the switching time (since during treat-

ment 1, N ≈ R1 + S), nor the proportion of R1 and S cells at that 

time, but reduce the expected number of rescue mutants, through 

a quicker decay of the R2 population in the first phase, and the re-

duction of the probability of establishment of potential rescue 

mutants in both phases.

The effect of a cost of resistance for R1 cells when switching at a 

given size is more subtle. The coefficient 1 in (A12) is equal to:

1 = 1,2
1

1

+
1

2 − 1

( )

= 1,2
2

1( 2 − 1)
. (A22) 

In our model, the number of mutations from R1 to R1,2 cells is pro-

portional to the R1 population but not to its net growth rate. As a re-

sult, for a given resistant population R1( ), R1 cells will generate more 

R1,2 mutants in phase 1 when incurring a large cost of resistance.

Indeed, let T be the time at which the R1 population reaches a 

given size. In our model, the expected number of R1,2 cells gener-

ated by mutation of R1 cells between 0 and T is 
∫ T

0 2R1(t) dt = 2T�R1 

where �R1 = 1
T

∫ T
0 R1(t) dt is the average size of the R1 population until 

time T. A larger cost of resistance leads to a slower growth of the R1 

population, hence a larger duration T to grow up to a given size (i.e. 

more time to generate mutations). This thus leads to a larger 

number of mutations from R1 to R1,2. This effect would disappear 

if the number of mutations from R1 to R1,2 was assumed to be pro-

portional not only to R1, but also to its net growth-rate. The effect 

would be partially restored if the number of mutations was as-

sumed proportional to the net birth rate.

The fact that R1 cells incurring a large cost of resistance generate 

more R1,2 cells in phase 1 is reflected in the fact that the term 1/ 1 in 

(A22) is a decreasing function of 1, hence an increasing function of 

c1. They will, however, generate fewer R1,2 mutants in phase 2, as a 

higher cost of resistance means a quicker decay of the R1 popula-

tion. This is reflected in the fact that the term 1/( 2 − 1) in (A22) in-

creases with 1. The net effect depends on whether 1 is smaller or 

larger than 2/2 (indeed, the denominator 1( 2 − 1) in (A22) is max-

imal when 1 = 2/2). With our default parameter values, 1 < 2/2. 

Thus, a larger cost of resistance c1 leads to a larger value of 1, as 

the dominant effect is that it leads to more R1,2 mutants in phase 1.

When switching long after the nadir, the increase of 1 is the 

main effect of a cost of resistance c1. Indeed, preexisting R2 mu-

tants should be rare, and the fraction of R1 cells when switching 

is anyway close to 1, hence should vary little with c1. A larger 

cost of resistance is then paradoxically detrimental for treatment.

We conclude that, though the net effect depends on parameter 

values, a larger cost of resistance c1 might counter-intuitively de-

crease the probability of extinction when switching at a given size 

after the nadir, as discussed in Results.

Supplementary Figure A.4 shows the impact of varying the cost 

of resistance for the analytical model. Here, as in the main text, 

the same cost of resistance is applied to all resistant types: 

c1 = c2 = c12 = c. Supplementary Figure A.4 also considers the case 

of a negative cost of resistance, that is, when resistant cells are fit-

ter than sensitive cells even in the absence of treatment (we did 

not run simulations of the stochastic model for the case of nega-

tive cost of resistance, so these results of the analytical model 

should be taken with care.) Supplementary Figure A.4b and A.4d

illustrate that for a given switching time, the probability of extinc-

tion increases with the cost of resistance c. Supplementary 

Figure A.4a and A.4c illustrate that, for a given switching size, 

when switching long after the nadir, the probability of extinction 

may paradoxically decrease when the cost of resistance increases 

(though the optimal extinction probability increases). With a low 

or negative cost of resistance, the plots show that whether it is op-

timal to switch close to the nadir depends on the initial R2 popu-

lation. Indeed, if the cost of resistance c2 is low or negative, the 

R2 population decays more slowly during treatment 1. It may 

then be optimal to switch to treatment 2 substantially after reach-

ing the nadir, in order to decrease the number of SGV R2 rescue 
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mutants (Supplementary Fig. A.4a). This effect disappears if we as-

sume a low initial R2 population (compare Supplementary Fig. A.4a

and A.4c).

Initial tumor sizes when one- and two-strike 
therapy are effective
Here, we examine how large the initial tumor can be whilst still 

maintaining effective treatment using one-strike and two-strike 

therapy. Consider the model without competition of Eq. (A1)–(A4) 

We model 1-strike therapy as following the same model but with 

a switching time = ∞. Let P0 = (S0, R1(0), R2(0), R1,2(0)) denote the 

vector of initial conditions of the reference case (A16). Denoting 

by N0 the initial total tumor size and using that N0 ≈ S0, we have:

P0 ≈ N0, 1

c1
N0, 2

c2
N0, 1 2

N0

S

c1 + c2

c1c2

( )( )

. (A23) 

Thus, the initial conditions are (roughly) proportional to the ini-

tial tumor size N0. Since the model consists of linear differential 

equations, it follows that the solutions and the number of rescue mu-

tants generated when striking at a given time are (roughly) proportional 

to N0. It also follows that in two-strike therapy, the optimal 

switching time is independent of N0.

Let us compare 1-strike therapy to a 2-strike therapy switching 

at this optimal switching time . Let

P1
0 =

P0

N0
≈ 1, 1

c1
, 2

c2
, 1 2

1

S

c1 + c2

c1c2

( )( )

denote the vector of initial frequencies of the various types of tu-

mor cells. For i = 1, 2, let RMi(P0) and RMi(P1
0) denote the number of 

rescue mutants generated by i-strike therapy if the initial condi-

tion is P0 and if the initial condition is P1
0, respectively. The formula 

used for 1-strike therapy is:

RM1
= eR1,2(0) + eR1(0)

+ e 1

Z ∞

0
S(t) dt + e 2

Z ∞

0
R2(t) dt, 

where the term R1,2(0) is negligible.

By the above emphasized observation RMi(P0) ≈ N0RMi(P1
0). Fix a 

desired tumor extinction probability pext. Let Ni
0 denote the tumor 

size leading exactly to this extinction probability under i-strike 

therapy. Then

pext ≈ exp −Ni
0 RMi(P1

0)
( )

.

Therefore, Ni
0 RMi(P1

0) ≈ − ln (pext) hence N1
0 RM1(P1

0) ≈ N2
0 RM2(P1

0). 

Finally,

N2
0

N1
0

≈
RM1

RM2
.

This turns out to be on the order of 3 · 103 using the reference case 

(and of 6 · 103 using the default population distribution from 

Table 1), meaning much larger tumors can be eliminated at a desired 

probability using two-strike compared to one-strike therapy. The 

analysis would be trickier with the nonlinear model of the main 

text (with competition), but we expect the same order of magnitude.

Appendix B: Using results from evolutionary 
rescue theory

While the conventional goal of evolutionary rescue is to maximize 

the probability of rescue, the same mathematical formulations 

can be applied with the aim of extinction. For our analytical mod-

el, we use the theory of evolutionary rescue to find the probability 

of extinction in cancer populations undergoing two-strike ther-

apy. A population is rescued from extinction when one or more 

mutant lineages with positive fitness, which we call potential res-

cue lineages, become established in the population. The founders 

of potential rescue lineages are called potential rescue mutants. 

Those that establish in the population and lead to evolutionary 

rescue are called rescue mutants.

We assume that the generation of potential rescue mutants in 

the population can be approximated by a Poisson process 

(Alexander et al. 2014) (see Appendix D: Correspondence between 

the analytic evolutionary rescue model and the linear 

birth-death-mutation model for further investigation into the val-

idity of this assumption in the context of our model). We use a dif-

fusion approximation to obtain a general, continuous-time 

estimate of the establishment probability of potential rescue 

lineages (see Appendix E: Derivation of the establishment probabil-

ity for the derivation). The establishment probability is multiplied 

by the rate of generation of potential rescue mutants to obtain 

the rate of generation of rescue mutants. Therefore, once the rate 

of the Poisson process is calculated, the probability of extinction 

is simply the probability that no rescue mutants are generated.

We assume density independence of potential rescue lineages 

and use branching processes to model the emergence of new re-

sistant (and rescue) mutants (Orr and Unckless 2008). The growth 

model we use is described in Appendix E: Derivation of the estab-

lishment probability. Density independence is a reasonable as-

sumption because rescue lineages predominantly establish 

when the population is well below the carrying capacity due to 

the effect of treatment. Additionally, we make the assumption 

that the probability of establishment of a potential rescue mutant 

is constant with respect to time, which is reasonable assuming that 

competition does not much affect establishment (Supplementary 

Fig. A.13). Furthermore, there is extensive literature on what hap-

pens when these assumptions do not hold. Analytical results can 

be derived in all such situations using stochastic methods and tak-

ing continuous time approximations (Otto and Whitlock 1997; 

Martin et al. 2013; Uecker et al. 2014) or directly working with the 

linear branching process (Uecker and Hermisson 2011).

An important distinction is that the probability of rescue by 

preexisting mutants (from before the onset of treatment, 

called standing genetic variation) is different from that of 

new mutants (via de-novo mutations) (Orr and Unckless 

2008). This is because the preexisting mutant (SGV) lineages 

typically get more time to grow than the de-novo mutants 

(DN). There are several expressions by different authors (Orr 

and Unckless 2008; Martin et al. 2013; Uecker et al. 2014) for 

the probability of evolutionary rescue following a single 

change in environment (treatment strike in our case) by both 

these classes of mutants, but considering the common con-

ceptual basis, they all reduce to the following form:

PSGV
ER = 1 − exp [ − N(0) ef (0)] (B1) 

PDN
ER = 1 − exp − e

Z ∞

0
N(t)dt

[ ]

, (B2) 

where N(0) is the population size at the onset of treatment (t = 0), 

is the total per capita, per unit time mutation rate during treat-

ment, and f (0) is the frequency of resistant variants at t = 0. 

Thus, expressions B1 and B2, respectively, represent the prob-

ability of evolutionary rescue from the established resistant 
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population already present at the onset of treatment at t = 0 and 

from the established resistant population produced by mutation 

from N during treatment. While we use the probability mass func-

tion of the Poisson distribution to obtain B1, an equivalent expres-

sion is derived in Orr and Unckless (2008) from an approximation 

of 1 − (1 − e)
N(0)f (0), which holds for small e and large N(0)f (0).

In our analytical approach, we use these results extensively in the 

context of using two-strike therapy to prevent evolutionary rescue.

Appendix C: Derivation of extinction 
probabilities

Given the populations S, R1, R2 and R1,2 at time , we first com-

pute the probability of no evolutionary rescue due to preexisting 

rescue mutants (mutants present at the time of the second 

strike, also called standing genetic variation). From evolution-

ary rescue theory (Appendix B: Using results from evolutionary 

rescue theory), we know that the distribution of preexisting res-

cue variants can be reasonably approximated by a Poisson dis-

tribution with a rate proportional to the number of rescue 

mutants at the beginning of the second strike (see Appendix 

D: Correspondence between the analytic evolutionary rescue 

model and the linear birth-death-mutation model and 

Supplementary Fig. A.11 for exceptions). Thus, we can obtain 

a good estimate of the rescue probability due to preexisting 

R2 mutants. However, to estimate the rescue probability 

due to R1,2 mutants, we must consider the entire duration of 

the treatment because these cell types are resistant in 

both environments (E1 and E2). Therefore, in our model, 

the distribution of preexisting (at the time of the second 

strike) R2 and R1,2 resistant cells is Poisson with a rate equal to 
SGV

= e(R2( ) +
∫

0 2R1(t)dt +
∫

0 1R2(t)dt), where e is the probabil-

ity of establishment of a single potential rescue lineage and 1 

and 2 are the rates of acquiring resistance to treatments 1 

and 2. The probability of establishment depends on birth rate 

(b), death rate (d) and cost of resistance (c). See Appendix E: 

Derivation of the establishment probability for the derivation. 

The establishment probability is assumed to be the same across 

time and for all resistant cell types. Following the Poisson as-

sumption, the probability that all preexisting mutants go ex-

tinct in E2 is equal to PSGV
E ( ) = exp [ −

SGV].

To find the probability that no de-novo rescue mutants arise in 

E2, we assume that the generation of new mutants is a Poisson 

process, and the number of rescue mutants in E2 is Poisson distrib-

uted with a rate equal to DN
= e 2

∫∞
S(t) + R1(t)dt. This rate is pro-

portional to the rate of mutation from the sensitive cell fraction 

(S and R1) to the resistant cell fraction (R2 and R1,2) in E2.

The total extinction probability as a function of is given by the 

product of the probability of extinction of preexisting and de-novo 

mutants,

PE( ) = PSGV
E ( )PDN

E ( ) = exp − eR2( )
[

− e

Z

0
2R1(t)dt +

Z

0
1R2(t)dt

( )

− e 2

Z ∞

S(t)dt +

Z ∞

R1(t)dt

( )]

.

(C1) 

The quantity in the exponent represents the total expected 

number of rescue mutants generated if we switch at time . 

The first term represents the number of established R2 cells 

at the switching time. The next two terms ( e(
∫

0 2R1(t) dt + 
∫

0 1R2(t) dt)) represent the total expected number of established 

R1,2 mutants generated by mutation from either R1 or R2 cells 

during E1. The last two terms ( e 2(
∫

0 S(t) dt +
∫

0 R1(t) dt)) compute 

the number of established R2 and R1,2 cells generated by mutation 

from S and R1 cells during E2. There is no explicit R1,2 term because 

we assume R1,2(0) = 0, and only the number of R1,2 mutants gener-

ated throughout the entire treatment is required to calculate the ex-

tinction probability. To make the computation easier, we calculate 

the approximate values of the last two integral terms by integrating 

them until the corresponding population size is equal to one. For ex-

ample, we numerically integrate the term 
∫∞

S(t)dt until S(t) = 1. 

This is a good estimate of integrating till infinity.

To compute the expression in (C1) numerically, we solve the 

deterministic logistic growth equations for dynamics in E1 (from 

t = 0 to , given in Fig. 1a) and in E2 (from t = till extinction, given 

below). In (C2) and (C3), we ignore the mutations to R2 and R1,2 and 

the changes in these resistant populations because we use only 

the deterministic decay of the sensitive population to calculate 

extinction probabilities.

dS(t)

dt
= S(t) gS 1 −

N(t)

K

( )

− 2

[ ]

− S(t) 1, (C2) 

dR1(t)

dt
= R1(t) gR 1 −

N(t)

K

( )

− 2

[ ]

+ S(t) 1. (C3) 

Appendix D: Correspondence  
between the analytic evolutionary 
rescue model and the linear 
birth-death-mutation model

Here, we connect the ODE system dynamics to the dynamics of 

the mean of the stochastic model and show that RM( ) corre-

sponds to the mean number of rescue mutants generated in the 

stochastic model. Finally, we justify when formulas for the prob-

ability of extinction hold.

Throughout, NS, NR1 , NR2 , NR1,2 refer to the random variable 

counting the number of S, R1, R2, R1,2 cells, respectively.

ODE system dynamics approximately follows the 
mean dynamics of the stochastic model
Without competition

Without competition, it is exactly true that E[NS](t) = S(t), 

E[NR1 ](t) = R1(t), E[NR2
](t) = R2(t), E[NR1,2

](t) = R1,2(t)

To show this, consider the joint PMF of the system 

P(t; x0, x1, x2, x3) = P(NS(t) = x0, NR1 (t) = x1, NR2
(t) = x2, NR1,2

(t) = x3):

dP

dt
(t; x0, x1, x2, x1,2) = birth events + death events

+ mutation events.
(D1) 

Since there is no competition, the per capita event rates are inde-

pendent of the state variables xi. Birth events consist of

∑

3

i=0

k
0,xi

(b − c(1 −
k
0,i))(xi − 1)P(t; x0, . . . , xi − 1, . . . , x3)

− bixiP(t; x0, . . . , x3), 

where k
i,j = 1 if i = j and 0 otherwise. Death events consist of

∑

3

i=0

d(xi + 1)P(t; x0, . . . , xi + 1, . . . , x3) − dixiP(t; x0, . . . , x3).

For i ≠ j, let i!j denote the mutation rate into state j from state 

i (and 0 if there is no such mutation), then mutation events 

consist of
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∑

3

i=0

∑

3

j=0
i!j(xi + 1)P(t; x0, . . . , xi + 1, . . . , xj − 1, . . . , x3)

− i!jxiP(t; x0, . . . , x3).

The formula for the joint PGF is G(t; z0, . . . , z3) = E[zNS

0 z
NR1
1 z

NR2
2 z

NR1,2

3 ]. 

Eq. D1 can be converted into a PDE involving G by applying 
∑

x0 ,...,x3
( · · · )zx0

0 zx1
1 zx2

2 zx3

3 :

dG

dt
=
∑

x0 ,...,x3

dP

dt
(t; x0, x1, x2, x1,2)zx0

0 zx1
1 zx2

2 zx3

3

=
∑

x0 ,...,x3

(birth events + death events
(D2) 

+ mutation events)zx0

0 zx1
1 zx2

2 zx3

3

=
∑

3

i=0

(b − c(1 −
k
0,i))z

2
i

∂G

∂zi
− (b − c(1 −

k
0,i))zi

∂G

∂zi

[ ]

+
∑

3

i=0

d
∂G

∂zi
− dzi

∂G

∂zi

[ ]

+
∑

3

i=0

∑

3

j=0
i,jzj

∂G

∂zi
− i,jzi

∂G

∂zi

[ ]

.

(D3) 

Note ∂
∂zi

G|(z0 ,...,z3)=1 = E[Xi]. Further applying ∂
∂zi

· |(z0 ,...,z3)=1 to Eq. D3 for 

i ∈ {0, . . . , 3} yields the same system of mean dynamics as our ODE 

model (without competition).

With competition

In the case with competition the mean process isn’t exactly the 

same as the deterministic ODE process. The difference is attribut-

able to the competition term of −(b − d) x0+···+x3
K or −(b − c − d) x0+···+x3

K 

present in the effective birth rate. The following term is added to 

the right-hand-side of Eq. D1:

∑

3

i=0

−
b − c(1 −

k
i,0) − d

K
k
0,xi

−1 +
∑

3

k=0

xk

( )

(xi − 1)

(

P(t; x0, . . . , xi − 1, . . . , x3) − (x0 + · · · + x3)xiP(t; x0, . . . , x3)
)

.

Transforming the system of ODEs into a PDE involving the PGF, 

and applying ∂
∂zi

· |(z0 ,...,z3)=1 for i ∈ {0, . . . , 3}, we obtain the following 

system:

dE[NS](t)

dt
= (b − d − 1)E[NS](t)

− (b − d)
E[NS(NS + NR1 + NR2 + NR1,2 )]

K
− ( 1 + 2)E[NS](t),

dE[NR1 ](t)

dt
= (b − c − d)E[NR1 ](t)

− (b − c − d)
E[NR1 (NS + NR1 + NR2 + NR1,2 )]

K
− 2E[NR1 ](t) + 1E[NS](t),

dE[NR2
](t)

dt
= (b − c − d − 1)E[NR2 ](t)

− (b − c − d)
E[NR2 (NS + NR1 + NR2 + NR1,2 )]

K
− 1E[NR2 ](t) + 2E[NS](t),

dE[NR1,2 ](t)

dt
= (b − c − d)E[NR1,2 ](t)

− (b − c − d)
E[NR1,2 (NS + NR1 + NR2 + NR1,2 )]

K
+ 1E[NR2 ](t) + 2E[NR1 ](t).

This almost follows the dynamics of the ODE model, except the 

competition term involves second and cross moments rather 

than first moments. For example, the competition term for the 

first differential equation should be E[NS](E[NS + NR1 + NR2
+ NR1,2

]) 

for E[NS] and S(t) to correspond. Note CoV[NS, NS] = V[NS] = 

E[N2
S] − E[NS]2 and CoV[NS, NR1 ] = E[NSNR1 ] − E[NS]E[NR1 ]. Hence, 

for example:

dE[NS](t)

dt
= (b − d − 1)
(

− (b − d)
E[NS + NR1 + NR2

+ NR1,2
]

K
− ( 1 + 2)

−(b − d)
CoV[NS, NS + NR1 + NR2

+ NR1,2
]

E[NS]K

)

E[NS](t).

Similar equalities hold for the other moments. If the last term re-

mains negligible compared to the growth parameter, then the 

mean dynamics and ODE dynamics should match. This seems 

to be the case for the relevant populations that supply the rescue 

mutants (the R2 cells in E1, the R1 cells in both environments, and 

the S cells in E2) (Supplementary Fig. A.9). Namely, all terms 

CoV[X, NS + NR1 + NR2 + NR1,2 ]/(E[X]K) for X ∈ {R2, R1, S} are much 

smaller than unity (all such terms remain below ∼0.05).

Significant deviations between the rescuing population and its 

ODE counterpart occur when there is a non-negligible chance of 

extinction, for example from applying two rounds of therapy 

(Supplementary Fig. A.9a,c). Hence in general, for n drug sequen-

tial therapy, if there is a non-negligible chance of extinction dur-

ing Ek (the kth stressful environment induced by drug k) for 

k < n, more work needs to be done to obtain a correspondence be-

tween stochastic and the ODE dynamics.

Expected number of rescue mutants relates 
to RM( )
Let NRM denote the number of rescue mutants generated throughout 

a stochastic trace. We are interested in its expectation and whether 

it equals RM (the number of rescue mutants calculated from the 

ODE mode, see Eq. A6). We consider the R1 cell contribution towards 

R1,2 rescue mutants. Denote NR1 , NL as the stochastic number of R1 

cells and rescue lineages arising from mutation from R1.

We also make a simplification. Namely that the population sup-

plying the mutants, here R1, can be approximated ignoring its out-

going mutation rate. This works so long as the outgoing mutation 

rate is much smaller than the birth and death rate parameters. In 

this way, we can consider stochastic mutations into the R1,2 popu-

lation from the R1 population within a single NR1 trajectory.

Also, for a sufficiently large initial population, , the striking 

time, is roughly deterministic and is approximately the time 

when the mean total population reaches the striking size.

As NR1 ( , t) = NR1 is a stochastic process, it is a function over 

both the sample space and time. Consider the -algebra G gener-

ated by all trajectories of NR1 . For any sample point within a tra-

jectory, NR1 ( , · ) is a deterministic function of time, and hence the 

deterministic infinitesimal rate of accumulation of R1,2 rescue 

lineages at this is e 2NR1 ( , t).

Thus, the conditional expectation becomes

E[NL|G]( ) =

Z

0
e 2NR1 ( , t) dt.

Apply iterated conditioning and Fubini’s theorem:

E[NL] = E[E[NL|G]] =

Z

0
e 2E[NR1 ](t) dt.

For the SGV R2 cells, notice that obviously E[ eNR2 ( )] = eE[NR2 ( )]. 

Hence combining everything together:
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E[NRM] = eE[NR2 ]

+ e

Z

0
2E[NR1 ](t) dt +

Z

0
1E[NR2

](t) dt

( )

+ e

Z

0
2E[NS](t) dt +

Z

0
2E[NR1 ](t) dt

( )

.

That is to say that E[NRM] = RM( ) assuming a correspondence between 

the mean dynamics of the stochastic system and the ODE model (cov-

ered in the previous section). This is empirically shown for different 

parameter values and striking sizes (Supplementary Fig. A.10).

Recall that there is a discrepancy between the analytical for-

mula for the extinction probability and the simulation results at 

low costs of resistance (Fig. 4). Even though RM( ) is still the 

mean number of rescue mutants, at low costs of resistance the 

distribution of the number of rescue mutants is not necessarily 

Poisson (which is shown in the below section).

Distribution of preexisting established R2 cells
To investigate the distribution of R2 cells analytically, consider the 

stochastic master equation formulation of the Probability Mass 

Function (PMF) for the number of R2 cells (NR2 ) during treatment 1:

dPNR2
(n; t)

dt
= (1 −

k
0,n)beff

R (t)(n − 1)PNR2
(n − 1; t)

+ deff
R (t)(n + 1)PNR2

(n + 1; t)

− (beff
R (t) + deff

R (t))nPNR2
(n; t)

+ (1 −
k
0,n) 2S(t)PNR2

(n − 1; t) − 2S(t)PNR2
(n; t),

(D4) 

where the S population is approximated as a deterministic func-

tion of time and with the effective birth and death rates are as 

in Eq. G6 and Eq. G7, except with the quantity N replaced by the 

deterministic S(t). This represents a birth-death-mutation process 

with time-inhomogeneous event rates. Mutations from R2 to R1,2 

are ignored. Following Getz (1975), (D4) can be converted to a sin-

gle partial differential equation involving the probability generat-

ing function (GNR2
(z; t) = E[zR2 ]):

∂GNR2
(z; t)

∂t
= (beff

R (t)z − deff
R (t))(z − 1)

∂GNR2
(z; t)

∂z
+ 2S(t)(z − 1)GNR2

(z; t).
(D5) 

Equation (D5) can be solved using the method of the characteris-

tics (Getz 1975). In particular, denoting

p(t) = exp

Z t

0
beff

R ( ) − deff
R ( ) d

( )

k(z, t) =
1

p(t)(z − 1)
−

Z t

0
beff

R ( )[p( )]−1 d

and

A( ) : =
2S( )[p( )]−1

k(z, t) +
∫

0 beff
R ( ′)[p( ′)]−1 d ′

the PGF can be written as

GNR2
(z; t)

= exp

Z t

0
A( ) d

( )

· 1 +
1

k(z, t)

( )R2(0) (D6) 

≈ exp

Z t

0
A( ) d +

R2(0)

k(z, t)

( )

, (D7) 

with approximation (D7) holding for k(z, t) large. There are two R2 

subpopulations: one that descends from the initial R2(0) popula-

tion and another that derives from subsequent mutations. The 

random variables representing these subpopulations are roughly 

independent at all times as the total R2 population contributes lit-

tle to competition. Therefore in (D6), (1 + 1
k(z, t) )

R2(0) represents the 

PGF of the first R2 subpopulation and the exponential term repre-

sents the PGF of the second subpopulation.

To obtain the probability of extinction of all R2 cells that arise 

before switching to the second treatment (SGV or standing genetic 

variation), let Ne
R2 

denote the number of R2 cells existing at the 

time of switching that eventually get established. Since 

Ne
R2
|NR2 ∼ Binomial(NR2 , E):

GNe
R2

(z; t) = E z
Ne

R2

[ ]

= E E z
Ne

R2 |NR2

[ ][ ]

= E (1 − e) + ez
( )NR2

[ ]

= GNR2
(1 − e + ez; t).

The probability of extinction from R2 cells arising before switching 

is just the mass of P(Ne
R2

= 0) = GNe
R2

(0; t). In the limit where the 

term 
∫ t

0 beff
R ( )[p(t)]−1 d is negligible, which occurs when beff

R (t) is 

made small at fixed geff
R (t) ((b − c)/(d + 1) ≪ 1) and using approxi-

mation (D7), we get

PSVG,R2
E (t)

≈ exp − e R2(0)p(t) + p(t)

Z t

0
2S( )[p( )]−1 d

( )( )

≈ exp − eR2(t)
( )

.

(D8) 

Expression (D8) is what we use in (C1). However when beff
R (t) is 

made large at fixed geff
R (t) (or (b − c)/(d + 1) ≈ 1), PSVG,R2

E (t) = 

GNR2
(1 − e; t) can be made arbitrarily close to 1. Intuitively, as 

the intrinsic birth rate is made more comparable to the intrinsic 

death rate at some growth rate, the R2 population follows a more 

heavy-tailed distribution than what a corresponding Poisson ap-

proximation would suggest. This leaves more mass at the Ne
R2

= 0 

absorbing barrier, and hence a higher probability of extinction.

Consequently, the probability of extinction of the SGV R2 popu-

lation (that exists before the second treatment) calculated by our 

analytical model (Eq. 1) is expected to be an underestimate of the 

probability of extinction of this population observed in our sto-

chastic simulations especially when birth and death rates are 

comparable (Supplementary Fig. A.11). For example, we observe 

this discrepancy in simulations with a zero cost of resistance 

and low treatment efficacy (Fig. 4).

Another condition in which the breakdown occurs is when we 

have a large turnover with constant growth rates. This is because 

b − c is comparable to d + 1 when we have a large b + d (turnover) 

with constant g. The intuition for this is that the variance of the R2 

population size increases with turnover. Consider an R2 cell dur-

ing treatment 1. Fixing b − d − 1 < 0, the probability that this cell 

dies before dividing goes to 100% in the limit b = 0 (minimal turn-

over) to just over 50% in the limit b ! +∞ (maximal turnover). The 

latter case generates much more variance in the R2 population. 

But for a given expected R2 population, the probability that R2( ) = 

0 is larger when the variance is large. Thus, higher turnover leads 

to greater variance (see also Appendix E: Derivation of the estab-

lishment probability), which in turns leads to a higher probability 

of there being no SGV rescue mutants and a higher probability of 

extinction.
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Distribution of established lineages of R1,2 cells 
and R2 cells
For the other terms in the probability of extinction, consider the 

dynamics of the established lineages that derive from R1,2 rescue 

mutants during E1 and R1,2/R2 rescue mutants during E2. These 

lineages come about by mutation at rate e · r(t). Here, r(t) is the 

rate of formation of the relevant pre-rescue mutant: 1 · R2(t) + 2 ·

R1(t) for R1,2 and 2 · S(t) for R2 cells. Without loss of generality, we 

focus on the de-novo R2 lineages. Using deterministic dynamics in 

defining the rate r(t) is approximate, and it should hold as long 

as the probability of extinction during E1 is negligible and the mu-

tation rates i are small. Denoting as L the random variable count-

ing the number of established lineages:

dPL(n; t)

dt
= (1 −

k
0,n) e · r(t)PL(n − 1; t) − e · r(t)PL(n; t).

Solving for the PGF of L (Getz 1975):

GL(z; t) = exp (z − 1)

Z t

0
er( ) d

( )

.

So, L follows a Poisson distribution with the expected rate.

Appendix E: Derivation of the establishment 
probability

Here we provide the derivation of the establishment probability of a 

single lineage of resistant cells. This result is taken from Lambert 

(2006). As described in Appendix B: Using results from evolutionary 

rescue theory, the establishment probability is the probability with 

which lineages with positive fitnesses escape stochastic extinction 

and establish themselves in the population. This leads to evolution-

ary rescue and thus, founders of lineages with positive fitness that 

get established are called rescue mutants.

We use the Continuous-time, real-valued Branching (CB) pro-

cess to model the population dynamics of the resistant lineages. 

We chose this process because CB processes are the only diffusion 

processes that satisfy the additive property of the well-known 

Bienamé-Galton-Watson (BGW) processes, which are commonly 

used to model stochastic population dynamics. Therefore, a CB 

process can be used to model the total population size summed 

over several lineages evolving independently. In our case, we 

use a CB process which is a continuous function of time, also 

called branching diffusion. As described in Lamperti (1967), 

branching diffusions are strong solutions of stochastic differential 

equations (SDEs) of the form:

dZt = rZtdt +
����

Zt

√

dBt, (E1) 

where B is the standard Brownian motion, r ∈ R is the intrinsic 

growth rate, and ∈ R
+ is the reproduction variance, defined by 

Martin et al. (2013) as

r = lim
t⟶0

E( Zt|Zt)

Zt t
(E2) 

= lim
t⟶0

Var( Zt|Zt)

Zt t
. (E3) 

We use a general result from diffusion theory that the probability 

u(z0) of the diffusion hitting an absorbing barrier zabs, where z0 is 

the initial condition (Z0 = z0) is such that the function u solves 

the equation Gu(z) = 0 subject to appropriate boundary condi-

tions. Here, G is the infinitesimal generator of the diffusion and 

characterizes the behavior of the diffusion at small time intervals. 

For our one-dimensional diffusion (Equation E1), G is of the form,

Gf (z) = rf ′(z) +
2

f ′′(z). (E4) 

For the absorbing barrier zabs = 0, we will obtain the extinction 

probability of a resistant population starting with z0 cells by solv-

ing Gu(z0) = 0, with boundary conditions u(zabs) = 1 and u(∞) = 0. 

The solution of this differential equation is,

u(z0) = exp
−2rz0
[ ]

. (E5) 

As explained in Martin et al. (2013), the reproduction variance for 

a simple birth-death process with the birth rate b and death rate d 

can be approximated by b + d (turnover). Consequently, we obtain 

the following expression for the establishment probability, de-

fined as one minus the extinction probability, for a potential res-

cue lineage starting from a single cell.

e = 1 − exp
−2(b − d)

b + d

[ ]

. (E6) 

With a cost of resistance, we get,

e = 1 − exp
−2(b − c − d)

b − c + d

[ ]

. (E7) 

We use this result to compute the extinction probabilities with our 

analytical model in Methods.

We can compare our establishment probability (Eq. E7) with a 

well-known result for the birth-death process:

A
e = 1 −

d

b
. (E8) 

With a cost of resistance, b in (E8) should be replaced with b − c. 

This expression is consistent with the method of simulation we 

use since the Gillespie simulation is a numerical solution of the 

master stochastic equation corresponding to the linear birth- 

death process. The difference between the extinction probabilities 

obtained using (E7) and (E8) is negligible. To see this, firstly note 

that the first order Taylor approximations of e(b, d) and A
e (b, d) 

centered about (q0, q0) are (b − d)/q0 and so behave quite similarly 

for small g = b − d. Their values are made most different as 

(b, d) ! (∞, d) for any fixed d and in this limit become e !

1 − e−2 and A
e ! 1. These values differ by ≈ 0.13, which is quite 

large, but the more relevant difference is between expressions of 

the form e− ez and e− A
e z, where z is the number of potential rescue 

mutants (preexisting or newly generated). As (b, d) ! (∞, d), the 

maximum difference is around 0.05 and is obtained at z ≈ 1.07. 

Finally, any qualitative comparisons between probabilities of ex-

tinction remain the same independent of choice of e or A
e .

Appendix F: Comparison with combination 
therapy

To illustrate why combination therapy will not necessarily out-

perform a two-strike strategy, consider the case where the total 

dose is limited by toxicity. Let u represent the proportion of the 
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drug cocktail that is drug 1. Suppose that drugs 1 and 2 are strictly 

additive in both efficacy and toxicity. Our model is then as follows 

(without competition):

Ṡ = ( S − 1u − 2(1 − u))S,

Ṙ1 = ( 1 − 2(1 − u))R1 + 1S,

Ṙ2 = ( 2 − 1u)R2 + 2S,

Ṙ1,2 = g1,2R1,2 + 2R1 + 1R2.

Now suppose that 2 > 1 > 2/2 and 1 > 2 > 1/2. If we opt for 

combination therapy then for any 0 ≤ u ≤ 1 we must have 1 − u ≤ 

1/2 or u ≤ 1/2, or both. Therefore 2(1 − u) ≤ 2/2 < 1 or 

1u ≤ 1/2 < 2, or both. It follows that R1 and R2 cannot both be 

contained (explicitly, in the stochastic formulation of the model, 

at least one of them will likely increase indefinitely). On the other 

hand, because 2 > 1 and 1 > 2, two-strike therapy might suc-

ceed in eliminating the tumor. Hence, there are some settings in 

which two-strike therapy can be better.

Appendix G: Stochastic simulation model

The total population at time t is N(t) = S(t) + R1(t) + R2(t) + R1,2(t). 

The code developed for the implementation of this model is de-

signed to be highly versatile and easy to modify.

Gillespie implementation
The stochastic simulation algorithm (SSA), commonly referred 

to as the Gillespie algorithm (Gillespie 1977), is a Monte Carlo 

method initially devised in 1977 for modeling the temporal evo-

lution of chemical reactions in a well-mixed system. We imple-

ment the Gillespie algorithm to simulate the population 

dynamics of our system in the context of two-strike therapy. 

The idea is that given a set of rates corresponding to birth, death 

and mutation events, we can track the size of each subpopula-

tion. These rates are specified for all cell types and can change 

with time or in response to the environment. The basic steps 

of our algorithm are as follows: 

1) Initialize the system by specifying an initial population for 

all cell types (S(0), R1(0), R2(0), R1,2(0)) and setting the time 

to zero. Define all possible demographic events (birth, death, 

mutation) and their corresponding rates.

2) Compute the rate of any one event occurring, which is the 

sum of all individual rates. Individual event rates are de-

noted by i(t) for each event i. Then, obtain the time interval 

after which the next event will take place. To do this, gener-

ate a sample from an exponential random variable with the 

rate parameter equal to the total rate 
∑

i i(t). Alternatively, 

one can generate a random number z1 from the uniform dis-

tribution between 0 and 1 and use the following formula to 

determine the time interval for the next event: 

tint = − ln (z1)/
∑

i i(t)

3) Calculate event probabilities for the next event by dividing 

the individual event rates by the total rate: 

pi(t) = i(t)/
∑

i i(t). Use these probabilities to select the 

next event by generating a random number z2 between 0 

and 1. The chosen event k would be the largest j such that 

z2 −
∑ j

i=0 pi(t) > 0.

4) Implement the chosen event by updating the population of 

the corresponding cell types. Increment time t = t + tint. For 

example, if the chosen event is the birth of an R2 cell, then 

R2(t + tint)= R2(t) + 1.

5) At each time point, record the population size and whether it 

is before or after the nadir. The value of the population na-

dir, Nmin is known (computed for each set of simulations ac-

cording to the algorithm described later in this appendix). If 

in the before(after) nadir regime, the population size is less(-

greater) than the switching size N( ) and the first treatment 

is ongoing, switch to the second treatment. If the second 

treatment is ongoing, then skip this step.

6) Repeat steps 2–4 till a stopping condition is reached.

Note that the effects of carrying capacity and treatment are in-

cluded while specifying birth and death rates in the next section. 

Simulations are stopped under one of three conditions: if the 

population goes extinct, if it exceeds the maximum simulation 

time, or if it exceeds the maximum population size, Nmax. 

Similarly, the outcome of one run of a simulation can be one of 

three possibilities: extinction (N(t) = 0), progression (N(t) ≥ N(0)) 

or persistence (0 < N(t) < N(0)). Note that there is not a one-to-one 

correspondence between stopping conditions and simulation out-

come (see Table G2).

Determining rates of demographic event
Following the Gillespie algorithm, one must define all possible 

demographic events at the beginning of the simulation and define 

rates corresponding to those events at each time step. Note that 

an individual event includes the type of event and the type of 

cell. For example, a mutation event S⟶R1 is one individual event 

and has a rate specified for it. Similarly, the birth of an S cell is a 

different event than the birth of an R1 cell. All simulation para-

meters used to compute the individual event rates are listed in 

Table 1.

We derive the birth and death rates for all cell types from the 

deterministic logistic model for population growth.

dM(t)

dt
= gM(t)M(t), (G1) 

where gM(t) is the growth rate of subpopulation 

M ∈ {S, R1, R2, R1,2}. Since the growth rate of all resistant subpopu-

lations are taken to be equal (gR1 = gR2 = gR1,2 = gR), we have,

gS(t) = gS 1 −
N(t)

K

( )

− i; i = 1, 2 (G2) 

gR(t) = gR 1 −
N(t)

K

( )

− i; i = 1, 2 (G3) 

Table G2. Stopping conditions and corresponding outcomes of a 
simulation.

Stopping condition Outcome condition Outcome

N(t) = 0 N(t) = 0 Extinction
t ≥ T N(t) ≥ N(0) Progression

0 < N(t) < N(0) Persistence
N(t) ≥ min (0.99K, Nmax) N(t) ≥ N(0) Progression

0 < N(t) < N(0) Persistence

In the second condition, T is the maximum simulation time defined at the 
beginning of the simulation. If we see a significant number of outcomes with 
persistence (more than 10%), it means that T is not large enough and the 
simulation is run again with a higher T value. In the third condition, the 
threshold 0.99K is arbitrary. The outcome remains the same as long as the 
threshold is close to K. We take the minimum of two quantities for cases where 
K is much larger than the initial population size N(0), and a threshold of Nmax is 
enough to declare the outcome. In all cases, K ≥ N(0), and Nmax > N(0) > 0, so 
persistence in the last condition is not observed. However, the condition is 
mentioned for the sake of completion. T = 500; Nmax = 1.5 × 106.
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where the total treatment-induced death rate in environment i is 

i, and the presence of this term depends on the sensitivity of dif-

ferent cell types in both environments. For example, the growth 

rate of R1 cells in E1 will not include the treatment-induced death 

term, but in E2 will have a 2 term. Here, to derive the demographic 

rates used in the stochastic simulations, we consider the case of a 

cell type susceptible to one treatment but resistant to another.

The intrinsic growth rates of sensitive and resistant subpopula-

tions differ by the cost of resistance. We can write the intrinsic 

growth rates as the difference between intrinsic birth and death 

rates like so:

gS(t) = (b − d) 1 −
N(t)

K

( )

− i; i = 1, 2 (G4) 

gR(t) = (b − c − d) 1 −
N(t)

K

( )

− i; i = 1, 2 (G5) 

where b, d and c are the intrinsic birth rate, death rate and the cost 

of resistance. Now, we split the subpopulation growth rates into 

“effective” birth and death rates to use for our simulations. This 

is because the stochastic simulation model requires separate 

birth and death rates, while the analytical model is parametrized 

in terms of growth rates of cell lineages (gS and gR). Therefore, the 

effective birth and death rates take into account the effects of 

competition and treatment while simulating birth and death as 

separate events.

beff
S (t) = b − (b − d)

N(t)

K

( )

; deff
S (t) = d + i (G6) 

beff
R (t) = (b − c) − (b − c − d)

N(t)

K

( )

; deff
R (t) = d + i. (G7) 

We use Equations G6 and G7 in our simulations. Note that the sep-

aration of terms in the last step is not unique. The only constraint 

is that the separation follows the condition required for the imple-

mentation of carrying capacity, i.e. when the total population is 

equal to K, we must have beff
S (t) = deff

S (t) and beff
R (t) = deff

R (t) (without 

treatment). We chose a simple way to implement this by taking a 

density-dependent birth rate and a density-independent death 

rate. Additionally, it is convenient and intuitive to group the 

death-rate terms together in deff
S (t) and deff

R (t).

For mutation events, we consider the same mutation rate 

Ei
(i = 1, 2) for all cell types, which may change with the environ-

ment. Once the source population for an event is chosen (say, 

S cells), the target cell is chosen according to the rates of acquiring 

each type of mutation. These mutation probabilities from one cell 

type to the other can be modified.

Switching to the second treatment
We consider two environments E1 and E2, each corresponding to 

the two strikes or treatments. Now we ask the question: in the 

simulations, how does the environment change with time? In 

other words, when do we switch treatments and apply the second 

strike?

We can either switch at a given population size or a given time. 

For most of our results, we choose to switch at a given size (N( )). 

We run simulations with the same parameter values but with dif-

ferent random seeds, using the algorithm described previously. 

For a single random seed, we have multiple simulation runs, 

each with a different switching size N( ). This constitutes one set 

of simulations. We do this so that the population trajectory before 

the second treatment is the same and any difference observed in 

the extinction probabilities is due to changes in the switching size 

N( ). For a set of simulations, the population nadir Nmin is the same 

for all runs.

To produce plots like Fig. 2a, we run simulations with 100 ran-

dom seeds (100 independent sets of simulations). Effectively, we 

run 100 independent simulations for a given parameter set and 

switching size. In the end, we compute extinction probabilities 

for different values of N( ) by dividing the number of simulations 

with an extinction event by the total number of simulation sets 

(100 by default). The algorithm is as follows: 

1) Select a set of parameter values. These parameters are kept 

constant throughout this set of simulations.

2) Set a random seed for this set of simulations, thus eliminat-

ing differences due to stochasticity before switching to the 

second treatment.

3) Run the first simulation without any second strike. 

Equivalently, set N( ) equal to zero for this run. From the re-

sults of this run, save the value of Nmin and its corresponding 

time point t(Nmin).

4) Run the remaining set of simulations with increasing values 

of N( ), following the algorithm described previously. See 

Fig. 1a for an illustration of the switching sizes. Record the 

outcomes of all the runs according to Table G2.

5) Repeat steps 2–4 for the desired number of random seeds. 

Each set of simulations with a different random seed is inde-

pendent and will have different values of Nmin. However, the 

values of N( ) are kept the same for each independent real-

ization in order to calculate extinction probabilities.

6) Compute extinction probabilities for each switching size 

using outcomes from all sets of simulations (random seeds):

PE(N( )) =
number of simulations ending in extinction

total number of simulations
.

For example, if PE(5,000) = 0.8, it means that in 80 of the 100 

simulation sets (each with a different random seed), we ob-

served population extinction when switching at a popula-

tion size of 5,000.

Editor: T. Lenormand
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